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TOM SANDERS 

Abstract. Suppose that G is a finite group and / is a complex-valued function on G. f 
induces a (left) convolution operator from L'^{G) to L'^{G) hy g i-^ f * g where 

/ * g{z) := ^xy=zf{x)giy) for aU z € G. 

This operator is a linear map L'^{G) — L^{G) between two finite dimensional Hilbert 
spaces, and so it has well-defined singular values; we write ||/||a(g) foi' their sum. 

The quantity || • ||yi(G) is of particular interest because in the abelian setting it coincides 
with the ^^-norm of the Fourier transform of /. Thus, in the abelian setting it is an 
algebra norm, and it turns out that this extends to the non-abelian setting as well when 
II • IU(G) is defined as above. 

It is relatively easy to see that if A xH where H ^ G and x E G, then || 1a|U(g) = li 
so that indicator functions of cosets of subgroups have algebra norm 1. Since || • \\a{g) is 
a norm we can easily construct other sets whose indicator functions have small algebra 
norm by taking small integer-valued sums of indicator functions of cosets (when these 
sums are themselves indicator functions of cosets) ; the object of this paper is to show the 
following converse. 

Suppose that A C G has || 1a|| a(g) ^ Then there is an integer L = L{M), subgroups 
Hi, ... , Hl ^ G, elements xi, . . . ,xl € G and signs cri, . . . , ctl £ { — 1, 0, 1} such that 

L 

1=1 

where L may be taken to be at most triply tower in 0{M). This may be seen as a 
quantitative version of the non-abelian idempotent theorem. 



1. Introduction 

Suppose that G is a finite group and f,gE L^i^fic), where fie denotes the unique Haar 
probabihty measure on G. The convolution f * g of f and g is then defined point-wise by 

/ * g{x) ■■= J f{y)g{y~^x)d^iG{y)- 

This can be used to introduce the family of convolution operators: given / G L^{^g) we 
define i^/ G End(L^(/i,G)) via 

Lf : L^{hg) L'^ifJ'G); f *v. 
In this paper we are interesting in the algebra norm which is defined by 

A(G) ■■= sup{|(/,^)i2(^^)| : \\Lf\\ ^ 1}, 
1 
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where || ■ || denotes the operator norm. 

It is easy to check that this is, indeed, a norm, but to help understand it, we consider the 
case when G is abelian. Here we write G for the dual group, that is the finite abelian group 
of homomorphisms G ^ S^. The Fourier transform is then the map taking / G L}{^g) to 
/ G defined by 



fin) ■■= {f,i)L^{t^G) = J fixhix)df^Gix). 

The elements of G form an orthonormal basis for L?'[^g) so the map Lj takes v to 

It is then easy to see that the operator norm of this operator is || /||^oo(g). Now, by Parseval's 
theorem we have 

||/IU(G) = sup{|(/,t;)^2(g)| : V G L^i^ic) and ||t;||^oo(g) ^ 1}, 

and so by the Fourier inversion formula and the dual characterisation of the £^-norm we 
get that 

ii/iU(G) = Ei/wi- 

Thus our definition of the A(G')-norm coincides with the usual one when G is abelian. 
There are many basic properties of the A(G')-norm which can be arrived at from the above 
expression in the case when G is abelian, but require a little more work in the non-abelian 
case. These are developed in detail in ^ 

Remaining with G abelian we consider some examples. If if ^ G then it is easy to 
compute its Fourier transform: 

^ig{H) if 7(x) = 1 for all x G ii 
otherwise. 



1h(7) 



It follows that 111/^1^(0) = 1- Moreover, the A(G)-norm is easily seen to be translation 
invariant so we conclude that 1^ has algebra norm 1 whenever A is a coset. It turns out 
that the same is true for general G (the details may be found in Corollary I6.2p . but it is 
particularly easy to see when G is abelian. 

At the other end of the spectrum we have highly unstructured - random - sets: suppose 
that A is a set of k independent elements of G. Then by Kinchine's inequality we have 
that ||1a|U{g) = which is to say that the algebra norm is very large. The optimist 

might feel inclined to guess that 'small algebra norm implies structure', and they would be 
right. 

By taking sums and differences of indicator functions of cosets we can produce other 
indicator functions of sets where the algebra norm is small by the triangle inequality, but 
this is essentially the only way in which this can happen. In particular, the following is 
the quantitative idempotent theorem in the abelian case. 



QUANTITATIVE VERSION OF NON-ABELIAN IDEMPOTENT THEOREM 



3 



Theorem 1.1 ( [GS08[ Theorem 1.3]). Suppose that G is a finite abelian group and f G 
A{G) is integer-valued and has ||/||a(g) ^ Then there is some L = exp(exp(0(M^))), 
subgroups Hi, . . . , Hi ^ G, elements Xi, . . . ,xl & G and signs (Xi, . . . , ctl G {—1, 0, 1} such 
that 

k 
i=l 

The objective of this paper is to extend this to non-abehan groups. 

Theorem 1.2. Suppose that G is a finite group and f G A{G) is integer-valued and has 
11/11^(0) ^ M. Then there is some L = L{M), subgroups Hi, . . . , Hi ^ G, elements 
Xi, . . . ,Xl ^ G and signs (Xi, . . . , ctl G {^1; 0, 1} such that 

L 

i=l 

There is nothing special about the choice of left cosets: xH = {xHx^^)x for all x G G 
and H ^ G, hence we can easily pass between the left and right versions of the above 
result. 

More than the above, our proof gives an effective, albeit weak, bound: L may be taken 
to be triply tower in 0{M) - A{Q,0{M)) where A is the Ackerman function - although 
clearly the precise nature of the bound is not important. A more detailed discussion of 
these matters may be found in the concluding remarks of ^QM 

Theorem 11.11 was motivated by the celebrated idempotent theorem of Cohen [CohGOj 
which characterises idempotent (with respect to convolution) measures on locally com- 
pact abelian groups. Our result is essentially a quantitative version of the non-abelian 
idempotent theorem of Lefranc |Lef72] . 

Recall that if G is a locally compact group then B{G) denotes the Fourier-Stieltjes 
algebra, that is the linear span of the set of continuous positive-definite functions on G 
endowed with point-wise multiplication. We say that / G B{G) is idempotent if / is {0, 1}- 
valued. Finally we write R{G) for the ring of subsets of G generated by the left cosets of 
open subgroups of G. 

Theorem 1.3 (The idempotent theorem). Suppose that G is a locally compact group. 
Then the idempotents of B{G) are exactly the indicator functions of the sets in R{G). 

Cohen proved this when G is abelian by making heavy use of the dual group. Unfortu- 
nately a suitable dual object is not available in general and so in the non-abelian setting 
the proofs had to proceed along rather different operator-theoretic lines. 

The idempotent theorem tends to be established as an immediate corollary of the fol- 
lowing theorem; it is this theorem that we have made quantitative. 

Theorem 1.4. Suppose that G is a locally compact group and f G B{G) is integer-valued. 
Then there is some L < oo, open subgroups Hi, ... , Hi ^ G, elements Xi, . . . ,xl G G and 
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signs ai, . . . ,aL € { — 1, 0, 1} such that 

L 



1=1 



There are a number of proofs of this result including a very elegant one by Host |Hos86 



however they are all very soft. Of course the theorem has nevertheless received many 
applica tions in the classification of various structures, for example closed unital ideals in 



Ulg03 and homomorphisms between Fourier algebras in |IS05j to name two. 

The above applications are, however, not our primary interest: our agenda is two-fold. 
In the first instance the objective has been to extend the quantitative idempotent theorem 
to the non-abelian setting. However, on the way to doing this we have developed our 
second objective of finding a useful version of the non-abelian Fourier transform relative to 
a suitable notion of 'approximate group', and tools to simulate Freiman's theorem in the 
non-abelian setting. Both Fourier and Freiman-type tools are used extensively in additive 
combinatorics and an overview of what they become in the non-abelian setting may be 
found in the next section. 



2. An overview of the paper 

We shall now give an overview of the proof of the abelian quantitative idempotent 
theorem from |GS08j . and then explain how this needs to be adapted to the non-abelian 
setting which should serve as motivation for the remainder of the paper. 

The proof is iterative in nature and at each stage it takes an almost integer-valued 
function with small algebra norm and gives out a decomposition of that function into two 
non-trivial almost integer-valued functions with disjoint spectral support. 

(i) (Arithmetic connectivity) If / : G — )■ M has ||/||a(g) ^ M then it follows from the 
log-convexity of the L^(/ig)-norms that 

11/ 11/11 

Given this we should like to use the Balog-Szemeredi-Freiman theorem to say that 
/ correlates with a coset progression. Unfortunately if / is almost integer-valued 
rather than integer-valued then it may be that most of its mass is supported at 
points where / is very small. 

It turns out that the set of points where / is large has a property called arithmetic 
connectivity and a consequence of this is that it itself has large additive energy 
which recovers the situation. 

(ii) ( Correlation with an approximate subgroup ) Given a set with large additive energy 
one can apply the Balog-Szemeredi-Freiman theorem; we now do so as planned to 
get that the set of points where / is large correlates with a coset progression. 

(iii) (Quantitative continuity) It is classically well known (and easy to check) that if 
/ G A{G) then f = g a.e. for some continuous function g. When G is finite this 
statement is not useful, but it can nevertheless be made quantitative in a certain 
sense. Indeed, this is the main aim of the paper |GK09] of Green and Konyagin. 
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For our purposes we require a relative version of the Green- Konyagin result which 
says that given a coset progression we can find a large subset over which / does 
not vary very much. 

(iv) (Generating a group) Since / is almost integer- valued and by the above will turn 
out to not vary very much over translation by some set 5, it follows that it does not 
vary very much over the group generated by B. Moreover, since / also correlates 
with B we find that we have more or less generated a subgroup H ^ G such that 

11/ * f^Hh^it^c) > 1/2 and \\f - f * finh^it^c) ^ e- 

Having done this we find that supports a spectral mass of size fl{l), f — f * fin 
has Fourier transform that is orthogonal to H-^ and f — f * fin almost integer- valued. 
We may now repeat the process applied to this new function f — f * fin- The iteration 
eventually terminates since ||/||yi(G) ^ M (and therefore we cannot go on collecting spectral 
mass indefinitely). When it terminates we can unravel the output to find that we have 
subgroups Hi, . . . ,Hi such that 

f * {6 - nm) * ■ ■ -{S - fiHi) =0. 

This leads to a representation of / as a weighted sum of subgroups and it is easy to see 
that the weights are integers. The result then follows. 

The proof has an additive combinatorial fiavour and some motivation for why this might 
be is the following which may be checked from the definition of convolution. If A, B G G 
for some finite group G, then 

supp 1a* = AB and 1a * 1b{x) = fici^ H xB^^). 

Here AB denotes the product set {ab : a G A, 6 G B}, and we make the obvious convention 
for powers A"^. 

The above proof strategy is fairly straightforward, and the real work of [GS08j is in 
pushing it through in a general abelian group; in this paper we take the next step and try 
to push it through in a general group. This sort of thing has varying degrees of success 
and in general it is combinatorial arguments which 'remain entirely in physical space' that 
stand a better chance of transferring directly, which is very definitely not the situation we 
are in. An example of this phenomenon is with Roth's theorem, which has many proofs; the 
one which transfers directly to the non- abelian setting is the regularity proof (see |KSV09j ) 
which is the most purely combinatorial. This is one reason to be interested in finding more 
combinatorial arguments for results in additive combinatorics, a philosophy which has been 
independently pursued by other authors such as Shkredov in [ShkOSal IShkOSb] . 

We turn now to the process of transferring the high level proof above. First we address 
the notion of arithmetic connectivity. This does not seem to have a useful non-abelian 
analogue. Indeed, part of the problem is that it is naturally exploited by Riesz products 
which are also abelian in nature, and it is tricky to replicate their properties in general 
groups. In view of this we are unable to induct on the wider class of almost integer-valued 
functions. Instead we note that it is relatively easy to show that if / is integer-valued, 
/ * fiH is almost integer- valued, and fJ^ciH) is comparable to then the algebra 
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norm of g, the function which takes x to the integer closest to / * (5 — /i//)(a;), is bounded 
in terms of M. We then apply the next two steps of the argument to (?, only recovering / 
in the last step because f * {S — fin) is close to g in L°°{fiG)- 

This modification may be done in the abelian setting. However, doing so results in a 
tower-type loss in the consequent bounds, and is one of the quantitative weaknesses of our 
argument here. In any case the details of this are wrapped up in the proof of the main 
theorem in ^ }23l 

The next difficulty in generalising the argument is in the correlation with an approximate 
subgroup. While the Balog-Szemeredi theorem extends immediately to the non- abelian 
setting, Freiman's theorem does not. One of the main contributions of [GS08j was to give 
a useful definition of approximate subgroups called Bourgain systems which combined both 
coset progressions and Bohr sets. The definition of a Bourgain systems transfers directly to 
the non-abelian setting, while the correct version of coset progressions is conjecturally coset 
nilprogression^. In any case we are unfortunately not able to establish correlation with 
any structure as strong as a Bourgain system in our replacement of Freiman's theorem; we 
have to make do with something which we shall call a multiplicative pair. That is roughly 
a pair of sets {B, B') such that BB' ^ B. These structures are formally introduced in ^ 
and the general theory in §^ IT2] - [T6l In §ffl[TH a suitable Freiman-type theorem is proved 
showing that any set with small doubling correlates with a multiplicative pair. These 
Freiman-type results are brought together in the algebra norm context in §22[ 

The main disadvantage with these multiplicative pairs is that their notion of dimension 
is not additive. In the abelian setting, all the notions of approximate subgroup have 
an additive notion of dimension: the intersection of two Bohr sets, multi-dimensional 
progressions or Bourgain systems of dimension di and d2 is 0{di + d2). By contrast, the 
intersection of multiplicative pairs has a dimension roughly exponential in di and d2, and 
this is where one of the 'tower contributions' comes into the bound in Theorem II. 2[ 

The final difficulty we face is in running the quantitative continuity argument relative 
to a multiplicative pair. There is a well established non-abelian Fourier transform and in 
the case when / is dense in the ambient group - meaning that it has density - these 
arguments work to prove an analogue of the result in [ GK09j . The non-abelian Fourier 
transform does not work relative to a multiplicative pair because there is no way to get a 
handle on the dimension of the representations the argument outputs. 

It turns out that when we use the Fourier transform on abelian groups all we really use 
is the magnitude of the Fourier coefficients and that the map diagonalizes the convolution 
square v ^ f * f * v. Now, if G is non-abelian then v ^ f * f * v is still diagonalizable 
by the spectral theorem and the magnitudes of the Fourier coefficients correspond to the 
singular values of v f * v. It is this diagonalizing basis and these singular values, 
therefore, which we use in place of the traditional Fourier transform. Extending this idea, 
when we are working relative to a multiplicative pair we consider the basis diagonalizing 



See Tao's blog for a discussion of this and related matters. 
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the convolution square relative to said multiplicative pair. The basic details of the non- 
relative analysis are contained in §1] and are extended to multiplicative pairs in § §14f[TBl 
This work is then used in § §18f20l 8 l2T] to prove the quantitative continuity result we desire. 

The group generation of the last stage of the abelian argument generalises straightfor- 
wardly and is contained in the main proof in ^ }23l 

It remains now to say that the basic facts about linear operators which we need for our 
non-abelian Fourier analysis are contained in ^ The transform relative to multiplicative 
pairs is then developed in §4j it may be worth reading this before the relative Fourier 
transform is introduced in ^ }T4l as it provides a simple introduction to that framework. 
Finally we have §§5H7] where the basic properties of the algebra norm are developed and 
the case of very small algebra norm is studied. These sections provide a gentle introduction 
to the sort of arguments we shall be using throughout the paper, but may be skimmed 
over by the experts as much of the material is standard. 

Some final remarks on notation are due. Throughout the paper we shall write things 
such as / G A{G) or g E L'^{^g) when, of course, all complex- valued functions are in all 
spaces. We write them in this way to give an idea of which space / 'morally' belongs in, 
and would belong in in the infinitary setting. Indeed, the passage from finite to compact 
groups is not difficult, and in that case the functional restrictions would be necessary. We 
have not presented the work in this way because we feel that the necessary addition of 
various 'almost everywhere' qualifiers and continuity requirements only serve to obscure 
our work. 

Since the bounds in all our results are so poor, we make heavy use of O and fi-notation, 
although we usually give some indication in words about the shape of the bounds after the 
various lemmas and theorems. 

3. Linear operators: notation and basic properties 

In this section we briefly record the notation and properties of linear operators which 
we shall need. Since we are only interested in operators on finite dimensional spaces all 
the material is standard and may be found in any basic book on linear analysis. 

Suppose that if is a d-dimensional complex Hilbert space. We write End(i/) for the 
algebra of endomorphisms of H, that is linear maps H H. The adjoint of some operator 
M G End(if) is defined in the usual way as the unique M* G End(if) such that 

{Mx, y)H = {x, M*y)H for all x,y E H. 

The operation of taking adjoints is an involution and when coupled with this End(if) be- 
comes a *-algebra; if the *-algebra is additionally normed with the operator norm (denoted 
II ■ II) it becomes a C*-algebra and so, in particular, ||M*|| = ||M||. 

There is also an inner product on End (if) that is of particular interest to us. Let 
Vi,. . . ,Vd be an orthonormal basis of H, then the trace of an operator M G End(if) is 
defined to be 

d 
i=l 



8 



TOM SANDERS 



and is independent of the particular choice of orthonormal basis. We then define an inner 
product on End{H) by 



This inner product is sometimes called the Hilbert-Schmidt inner product. 

In fact End(if) can be normed in a number of ways, and all those of interest to us can be 
expressed in terms of the singular values of an operator. Recall that if M G End (if) then 
the singular values of M are the non-negative square roots of the eigenvalues of M*M; we 
denote them si(M) ^ S2(M) ^ . . . ^ Sd(M) ^ 0. 

Singular values are most conveniently analysed through an orthonormal basis diagonal- 
izing M*M and to find such we record a spectral theorem. 

Recall that if an orthonormal basis simultaneously diagonalizes two operators then they 
must commute, since scalar multiplication commutes. Furthermore, if an operator is uni- 
tarily diagonalizable, then the same basis diagonalizes its adjoint. Thus any maximal 
collection of simultaneously unitarily diagonalizable operators is commuting and adjoint 
closed. The spectral theorem encodes the remarkable fact that the converse holds. 

Theorem 3.1 (Spectral theorem for adjoint closed families of commuting operators). 

Suppose that H is a d- dimensional Hilbert space and M. is an adjoint closed family of 
commuting operators on H. Then there is an orthonormal basis Vi, . . . ,Vd of H such that 
each Vi is an eigenvector of M for all M & M.. 

With this result in hand we record the relevant corollary for singular values. 

Corollary 3.2. Suppose that H is a d-dimensional Hilbert space and M is an operator on 
H. Then there is an orthonormal basis Vi, . . . ,Vd of H such that M*Mvi = |sj(M)pfj for 
all 1 ^ i ^ d. 

Proof. Since (M*M)* = M*M we have that M*M is self-adjoint and therefore is an adjoint 
closed family of commuting operators. A suitable basis then follows from the spectral 
theorem. □ 

This basis immediately gives a characterisation of the operator norm in terms of singular 
values. 

Lemma 3.3 (Singular value characterisation of the operator norm). Suppose that H is a 
d-dimensional Hilbert space and M G End(-?i). Then 



Proof. By definition of the operator norm there is some unit vector v G H such that 
||M|p = {Mv, Mv) H- We may decompose v in terms of the basis vi,...,Vd given by 
Corollary 13.21 so that 



(M, M')End(H) := Tr M'*M for all M, M' G End(iJ). 



M 



si{M)\. 



d 



d 




i=l 



i=l 
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Then 

d 



\\Mf = {Mv,Mv)h = {M*Mv,v)h = J2 \s^{M)\'\^^^\' ^ ki(M)p 



i=l 



with equahty if and only if v = vi. The lemma follows. □ 
Similarly, but more easily, we have the following characterisation of the Hilbert-Schmidt 



norm. 



Lemma 3.4 (Singular value characterisation of the Hilbert-Schmidt norm). Suppose H is 
a d- dimensional Hilbert space and M G End(i^). Then 



\M\ 



End{H) 



\ 



i=l 



Proof. Since trace is basis invariant we have a short calculation using Corollary 13.21 to see 
that 

d d d 

{M,M)e^^(^h) = Yl {Mvi,Mvi)H = J2 {M*Mvi,Vi)H = \si{M)\', 

i=l 1=1 i=l 

from which the lemma follows. □ 

More generally, one can define the Schatten p-norm of an operator M to be the p-norm 
of the singular values of M, so that the Hilbert-Schmidt norm || ■ ||End{H) is the Schatten 
2-norm and the operator norm || ■ || is the Schatten oo-norm. In view of the definition of 
A{G) it will be of little surprise that we are essentially interested in the Schatten 1-norm. 

4. Convolution and the Fourier transform 

In this section we shall develop a lot of the ideas of Fourier analysis on non-abelian 
groups. This is all standard material and most books on the subject go far beyond what 
we need, although we found the notes |Tao05] of Tao to be an uncluttered introduction. 

Suppose that G is a finite group. It is easy to check that convolution is associative so 
that L^lfic) becomes an algebra with this multiplication. If / G L}{^g) then we write / 
for the adjoint of /, that is the function x ^ and, again, it is easy to check that 

L^{iig) is now a *-algebra. 

Now, the map f Lj, the convolution operator defined by / G L^{hg) functions a 
bit like the Fourier transform and encodes the aspects of the Fourier transform which are 
most easily generalised to the approximate setting of interest to us later. Linearity and 
associativity of convolution give us that this map is an algebra homomorphism and, in 
fact, a short calculation shows that it is a *-algebra homomorphism. 

Lemma 4.1 (Adjoints of convolution operators). Suppose that G is a finite group and 
f,g,he L^ifJ^c)- Then 

{g, f * /i)l2(^^) = {f*g, /i)L2(^^) = {f,h* ~g)v^{^,a)- 
In particular L*j = Lj. 
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The image of the map / i— ?■ Ly, is the sub-*-algebra of convolution operators in the 
space End(L^(yUG')). It turns out that this map is not just a *-homomorphism, but it is 
also isometric. Write 5y for the usual Dirac delta measure supported at ?/ G G, that is the 
unique measure such that 



j kdSy = k{y) for all k E L'^if^c) 



Theorem 4.2 (Parseval's theorem). Suppose that G is a finite group and f,g E L?'{^g)- 
Then 

Proof. The collection {5y/ ^J\G\)y(zG is an orthonormal basis of L^(/iG), and since trace is 
independent of basis we get that 

(4-1) {Lf, Lg)End(L2(pG)) = Tq\'^ {Lfdy, Lg5y)L^i,G]- 

' ' 2/eG 

However 



Lf6y{x) = j f{z)6y{z ^x)diiG{z) = f{xy 
and similarly LgSy{x) = g{xy^^), so it follows that 



{Lf5y,Lg5y)L^f^a) = j fi^y ^)g{xy ^)diiG{x) = {f,g)L^^^^)- 

Inserting this into (14. ip we arrive at the result. □ 

A key property of the algebra of convolution operators is that all the elements commute 
with right translation. To be clear the right regular representation p is defined by 

Py : L^{pg) L^ifJ'c)] f f * 6y-i. 

It is easy to check that Py{f){x) = f{xy) and that x i— is a group homomorphisms of 
G into U{L'^{pg))- Now, since convolution is associative 

PyLf = LfPy for ally EG, f E L^{pg)- 

In fact it turns out that the algebra of convolution operators is precisely the subalgebra of 
operators in End(L^(/iG')) that commute with all right translation operators as the following 
result shows. 

Theorem 4.3 (Inversion theorem). Suppose that G is a finite group and M E End(L^(/iG)) 
is such that Mpy = pyM for ally E G. Then there is some f E L^{pg) such that M = Lj. 

Proof. We define / in the obvious way: put / = M5i^. Now (5y)y6G is a basis for L'^{pg) 
so we just need to check that Lj = M on this basis and we shall be done. First, 

LfSyiz) = [ f{x)5y{x-^z)dpG{x) = f{zy-') = M5i^{zy-^) = Py-.{M5i^){z). 
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Since M commutes with py-\ we conclude that 

Lf5y = Mpy-i{6iQ) = M6y for all y e G. 



The result follows. 



□ 



This result is basically the Fourier inversion theorem, and will not have an analogue 
when we generalise from groups to approximate groups, so we need to be careful about 
using it. 

It should be said that the combinatorial importance of the fact that the algebra of 
convolution operators commutes with all right translation operators is well demonstrated 
by Lubotzky, Phillips and Sarnak in |LPS88] (see also |DSV03] ). and was put to work in 
additive combinatorics by Gowers |Gow08] . 

The utility of the Fourier transform in abelian groups is derived from the fact that it 
is the unique (up to scalar) unitary change of basis that simultaneously diagonalizes all 
convolution operators. Of course simultaneously diagonalizable operators commute with 
each other so such a basis cannot exist in the non-abelian setting. 

Examining many Fourier arguments in additive combinatorics reveals that in fact the 
universally of the Fourier basis is unnecessary and, furthermore, we tend only to consider 
the absolute values of Fourier coefficients. In light of this we make the following definitions. 

Given / G L^^pc) we write Si{f) for Si{Lf), the ith singular value of the operator Lf. 
We then call an orthonormal basis fi, . . . ,fAr a Fourier basis of L'^{pg) for f if 



The existence of Fourier bases follows immediately from Corollary 13.21 

Theorem 4.4 (Fourier bases). Suppose that G is a finite group and f G L}{pg)- Then 
there is an orthonormal Fourier basis for f . 

Note that if t>i, . . . , t>jv is a Fourier basis of L'^i^fic) for / then so is the orthonormal basis 
Py{vi), . . . , Pyiy^) for all ?/ G G since py is unitary and the operators Lf and L*j commute 
with it. 

Finally for this section we record the Hausdorff- Young inequality as it is realised in our 
framework. 



Lemma 4.5 (Hausdorff- Young inequality). Suppose that G is a finite group and f G 
L^{Pg)- Then 



We call this the Hausdorff- Young inequality because when G is abelian, the singular 
values si(/) ^ ■S2(/) ^ ... ^ s^if) ^ are just the absolute values of the Fourier 
transform arranged in order, whence Si(/) = ll/H^ooj-g) and the inequality reduces to the 
usual Hausdorff- Young inequality. Since this is one of the few facts that relativises without 
loss we shall not prove it here; it is a special case of Lemma 115.11 




Si{f)W for all ie{l,... 



N}. 



siif) ^ \\f\\LH,a)- 
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5. The A(G')-norm: basic properties 

For an arbitrary locally compact group the space A{G) was defined by Eymard in 
|Eym64| , and many of the basic properties are developed in that paper. For complete- 
ness and because of their simplicity we shall include some the tools we require here. First 
recall that the two main norms of interest: 

||/||pA/(G) := \\Lf\\ and ||/|U(G) = sup{| (/, ^)l2(^^) : \\g\\pM{G) ^ !}• 

To begin with we note that the y4(G')-norm is involution and translation invariant in the 
following sense. 

Lemma 5.1 (Invariance of the 74(G')-norm). Suppose that G is a finite group and f G 
A{G). Then 

\a{g) = ||/IU(G) and ||py(/)|U(G) = ||/IU(g)- 



Proof. Since / = / and Py{py~i{f)) = / it suffices to prove that ||/|U(g) ^ II/IU(g) and 
ll/IU(G) ^ I|P,(/)IU(G) for all / e A{G) and yeG. 

The space A{G) is defined by duality so there is essentially only one way to begin. 
Suppose / e A{G) and let g e PM{G) be such that 



U(G) = {f^g)L^{p,G) and \\Lg\\ ^ 1. 
First we show involution invariance. By change of variables we see that 



{f,9)L^f,G) = {f,9)L^tMG) ^ II/IU(G)||^3||- 

However, by Lemma [4. II we have that Lg = L*g, and so 

IIL^II = = ^ 1. 

The first inequality follows. 

Translation invariance is proved in much the same way. By a (different) change of 
variables we get that 

{f,9)L^f,G) = {pyif)iPyi9))LHf,G) < IIP2/(/) IU(G) II • 
On the other hand by definition of Py we have that 

ll-^Py(3)ll = ll-^9*<5,^-i II = 11-^9-^5^-1 II ^ ll-^sll ll-^^j^-i II = ll-^5y-ill- 

But 

Ls^_^v{x) = v{yx), 

whence llLx , II = 1 and we are done. □ 

II y J- II 

Inspired by the abelian setting where the singular values of Lj are just the absolute 
values of the Fourier coefficients of / we have the following useful explicit formula for the 
yl(G)-norm. 
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Lemma 5.2 (Explicit formula). Suppose that G is a finite group and f e ^(G). Then 



N 



ii/iU(G) = Ei^^(/)i- 



i=l 

Proof. Let Vi, . . . ,Vn- be a Fourier basis of L'^{^q) for /. We shall show that ||/m(G) is 
both less than or equal and greater than or equal to the right hand side. The first of these 
is easy: let g be such that 

||/IU(G) = {f,g)L'HpG) and \\Lg\\ <: 1. 
By Parseval's theorem and the definition of trace we have that 

N 
i=l 

It follows from the Cauchy-Schwarz inequality that 

N 

||/IU(G) ^ Yl \\Lf'"i\\LHf^G)\\L9'>^i\\LHfiG)- 

1=1 

Of course, 

and ||-^fl'yi||L2(//G) ^ 1, whence 

N 
i=l 

For the other direction we define an operator U, extending by linearity from the basis 
vi, . . . ,vn as follows 

^ Lfv,/\s,if)\ iis,{f)y^O 
otherwise. 



We have two claims about U. 
Claim. \\U\\ < 1. 



Proof. As usual it suffices to check that ||f/'yi||L2(^^) ^ 1 since the basis vi,...,vn is 
orthonormal. If Si{f) = then Uvi = whence ||t/'yi||L2(/iG) = 0; if Si(/) ^ then 

The claim follows. □ 
Claim. Upy = pyU for all y ^ G. 
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Proof. By linearity it suffices to verify this on the basis Vi, . . . ,vn. Since Py is unitary we 
see that Py{vi) is a unit vector and so there are complex numbers /Xi, . . . , //jv such that 

TV TV 

Pyi^i) = and ^ |/Xjf = 1. 

i=i j=i 
Now, Py commutes with L*^L f for all y & G whence 

TV TV TV 

j=i j=i j=i 

Since vi,...,vn is a basis it follows that \sj{f)\ — whenever pj ^ 0. Now, if 

Si{f ) ^ then it follows that 

TV 1 

= LfPyVi/\Si{f)\ = PyLfVi/\Si{f)\ = PyUVi. 

Similarly if Si{f) — 0, both UpyVi and PyUvi is 0. □ 

Now, by the inversion formula there is some g e L^{pa) such that U — Lg and hence by 
Parseval's theorem and the definition of trace we have 

{f,9)L^ij.G) = {Lf,Lg)End{L'2(nG) 

TV 

i=l 



TV 



= I] ^77^(^/^/^^i>^i)i2(MG) =Z!l^^(•^)|■ 
^:.,(/)^ol^^^•^^l i=l 

On the other hand 

\{f,g)L^{HG)\ < ll/IU(G)|b||pJVf(G) = ||/IU(G)||i-5|| ^ ||/|U(G), 

since ||Lg|| = \\U\\ ^ 1 by the claim and construction of G. We conclude that 

TV 

J2\'^{f)\<\\f\\AiG), 

i=l 

and hence the result is proved. □ 

Qualitatively if a function is in A{G) then it is continuous. Of course this has little 
utility in the finite setting, but a key part of this paper is concerned with developing a 
quantitative analogue of this statement. To begin this process we record the following 
trivial nesting of norms. 
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Lemma 5.3 {A{G) dominates L°°{ij,g))- Suppose that G is a finite group and f e A{G). 
Then 

\\f\\L^i,a) < ll/IU(G). 

Proof. Let vi, . . . ,vn he a. Fourier basis of L'^{^g) for /• Since for every y & G, the sequence 
PyVi, . . . , PyVN is also a Fourier basis of L'^{hg) for / we see that 

N 

f{x) = LfSi^{x) = J2 {^lG^Py'^i)L^„G)LfPyVi{x) 
i=l 

for all x,y & G. On the other hand LfPyVi{x) — PyLfVi{x) — LfVi{xy) by definition of Py 
and the fact that it commutes with Lf, whence 

N 

/(^) = '^Vi{y)LfVi{xy). 

i=l 

Integrating against y and applying the triangle inequality and then Cauchy-Schwarz in- 
equality term-wise to the summands we get that 

^ r 

1/(2^)1 ^ ^\ Vi{y)LfVi{xy)dnG{ 

N N 

^ XI hi\\L■'{m)\\^M\L■^{^^G) = \si{f)\- 
i=i 1=1 

The last equality is since 

The lemma now follows from the explicit formula for the A(G)-norm. □ 

Although the above results are useful, the main result of this section and the principal 
reason that the yl(G')-norm is so important is that it is an algebra norm. Finally we are 
in a position to prove this fact. 

Proposition 5.4 (The A(G)-norm is an algebra norm). Suppose that G is a finite group 
and f,g& A.{G). Then 

ll/^IU(G) ^ ||/IU(G)||^IU(G)- 

Proof. As usual we proceed by duality. Let h be such that 
(5.1) WfahiG) = {fg,h)L2(f,^) and \\Lh\\ ^ 1. 

Let (fj)jli be a Fourier basis of L'^^hg) for / and {wi)f^^ be a Fourier basis of L^^fj^c) for 
g. As in the previous lemma, for all y G G we have that PyVi, . . . , PyVjy is a Fourier basis 
of LF'{iig) for / and so 

N N 

f{x) = Lf5i^{x) = {Si^,pyVi)L^f,^)LfPyVi{x) ^Y'"iiy)^M^y)^ 

1=1 i=l 
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and similarly 

N 

di^) = ^Wi{yz)LgWi{xyz). 

i=l 

Inserting these expressions for / and g into the inner product in (15.11) we get that 

N N „ 

||/5'||a(g) = X^X] / Vi{y)LfVi{xy)wi{yz)LgWi{xyz)h{x)dfj,G{x) 
1=1 j=i 

N N „ 

= ^^v,{y)wjiy^) / h{x)LfVi{x'^y)Lgp^{wj){x'^y)dfiG{x) 
i=i j=i 

N N 

i=i j=i 

Since the above expression is valid for all y,z & G we may apply the triangle inequality 
and integrate to get that 

N N „ 

WfghiG) ^J2Y1 / \'"i(y)'^j(y^)^hiLfViLgpzWj){y)\dpG{y)^J'G{z). 
i=l j=l 

By the Cauchy-Schwarz inequality 

h{y)wj{yz)Lj^{LfV^Lgp,Wj){y)\dfiGiy)f^G{z) 
is at most 

\ 1/2 / |. \ 1/2 

\'Vi{y)wj{yz)\'^dpG{y)dpG{z)] I / \Lj^{LfViLgp^Wj){y)\^dpG{y)l^G{z) 



The first integral is 1 by the change of variables u = yz; the second is at most 

\^hf / \LfVi{y)Lgp^Wj{y)\^dpG{y)dpG{z). 



Since Lg and pz commute we see that LgPzWj{y) = LgWj{yz) whence, by change of variables, 
the previous expression is equal to 

\\Lhf\\LfVi\\l2^^^)\\LgWj\\l2^^^) = \siif)\%Sj{g)\\ 

The inequality follows since \\Lj^\\ = \\Ll\\ = \\Lh\\ = 1. It follows that 

N N 

i=i j=i 

where the last equality is by the explicit formula for the 74(G)-norm. The result is proved. 

□ 
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Related to the above is what happens when we convolve two functions instead of multi- 
plying them. In this regard we have the following lemma. 

Lemma 5.5. Suppose that G is a finite group and f G A{G),g G PM[G). Then 

||/*5'IU(G) ^ ||/|U(G)||5'I|PM(G)- 

Proof. By the definition of the algebra norm and Lemma 14.11 we have 

||/*^IU(G) = SUp{|(/*^,/l)i2(^g)| : ||/l||pM(G) ^ 1} 

= sup{|(/,/i*^)l2(^^)| : \\h\\pM(G) ^ 1} 

^ SUp{|(/,fc)L2(^g)| : \\k\\pM(G) ^ \\9\\PM{G)] 
= ll/IU(G)||5'l|pAf(G)- 

The result is proved. □ 

6. Basic computations with the algebra norm: some functions with small 

algebra norm 

In this section we shall compute the algebra norm of functions of various shapes which 
will be used later in our work. It may also be useful to read the short lemmas that follow 
to get more of a hand on how the norm behaves. 

As indicated in the overview in ^and as should be clear from the definition of a Fourier 
basis we shall make heavy use of convolution squares. No small part of that reason is the 
following lemma. 

Lemma 6.1. Suppose that G is a finite group and A is a non-empty subset of G. Then 

II 1a * AtA|U{G) = 1- 

Proof. This is an easy calculation. Let f i, . . . , f at be a Fourier basis of L^^fic) for 1a- By 
Parseval's theorem we then have 

N N 

^^IsiilA)]^ = ^ {Li^Vi, Li^Vi) L2(f,a) = (1a, 1a)l2(/.g) =/iG(^)- 

1 = 1 4 = 1 

On the other hand, by the definition of the algebra norm there is some U with \\U\\ ^ 1 
such that 

||1a * /^aIIaCG) = {L^^^^,U)End{L2(pG)- 

By the definition of trace we expand this in the basis vi, . . . ,vn to get that 

N N 

||1a * 1a||a{G) = (^lA^U^i) = \Si{lA)\^{Vi,UVi)L^^,G)- 

i=l i=l 

Since \{vi,Uvi) l2(^^^^\ ^ 1 we conclude that 

N 

||U*1a||a(G) ^l]|5.(lA)|' = /iG(^), 
1=1 
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and hence that * /Ua|U(g) ^ 1- In the other direction we note that l^i * /^a(1g) = 1 
and the result follows from Lemma 15.31 □ 

An immediate corollary of the above is that indicator functions of cosets have algebra 
norm 1, a fact we claimed in the introduction. 

Corollary 6.2. Suppose that G is a finite group, H ^ G and x E G. Then 

\\'^xh\\a{G) = \\'^Hx\\a{G) = 1- 

Proof. First note that by Lemma 15.11 we have 

||la;_H'|U(G) = ||lx_ff|U(G) = ||1hx-i|U(G) = ||Pa;(lH) |U(G) = ||1h|U(G)) 

and similarly (but more easily) ||l_H'a:|U(G) = ||1h|U(g)- K follows that without loss of 
generality we may assume that x = Iq- Of course then the lemma is a simple consequence 
of Lemma EH] since 1^ * fin = ^h- D 

Convolution squares are most useful for their 'positivity in the dual' property in the 
abelian case which is captured for our setting by the following lemma. 

Lemma 6.3. Suppose that G is a finite group and A G G is non-empty. Then 

IIA^{1g} ~ f'A* f'A\\pM{G) ^ 1 

Proof. Let fi, . . . , f at be a Fourier basis of L'^^fic) for /i^- It follows that 

(yUjlg} - JlA * tlA) * Vi = Vi{l - \Si{fJ,A)\'^) 

for all i. Integrating we conclude that 

By the Hausdorff- Young inequality we see that ^ = 1, and hence that 

1 — ^ 0; thus 

Wf-ilc} - f^* f^A\\pM{G) = sup 1 - ^ 1- 

The result is proved. □ 

Our main argument is an induction on spectral mass so we need a way to hive off portions 
of spectral mass without destroying the physical space properties of our functions. The 
following is the crucial decomposition lemma which is, as usual, much easier to see in the 
abelian setting. 

Lemma 6.4. Suppose that G is a finite group, H ^ G and f G A{G). Then 

||/IU(G) = 11/ - / * /^h|U(G) + 11/ * f^H\\A(G)- 

Proof. We write Mi := Lf_f^,^^ and M2 = Lf^^^. Now, 

iV/l A^n = L , r , ^ 7 = L r 7 j. T=0 
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since fin * = J^- Similarly M2MI = since fin * = f^n, whence M^Mi and M2M2 
are commuting self-adjoint operators, indeed 

M*MiM;M2 = M*.0.M2 = = M*.O.Mi = M^MsM^Mi. 

It follows that there is a basis vi, . . . ,vn of L'^^hg) which simultaneously diagonalizes both 
of them, whence there are permutations vti and 7^2 of {1, . . . , A^} such that 

MlMiVi = - / * l^H)\'^Vi and M*M2Vi = |s^2(i)(/ * 

By the explicit formula for the algebra norm we then have 

N 
i=l 

and 



TV 



i=l 

Now, since M^MiM^M2 = and the ViS are eigenvectors of both M^Mi and M^M2 

1 /2 

we also know that for each i at most one of the two summands (M*Mit?i, f^)^2(^^) and 

1 /2 

(M2M2Vj, Ui)^2(^g) can be non-zero whence 

{M*M,v,,v,)];,]^^^ + {M;M2V,,v,)'^,]^^^ = {{MlM, + M;M2)v,,v,fff^^^y 
Of course, since MIM2 = and M2M1 = we conclude that 

{M*M,v,, + {M;M2V,, t;.)^/^^) = ((Mi + M2)*(Mi + M^)^;., v.)]!.\,^y 

However, Lf = Mi + M2 and, furthermore, 

L}LfVi = (Ml + M2)*(Mi + M2)vi = M*MiVi + M*M2Vi, 

which is a scalar multiple of Vi since Vi is an eigenvector of M^Mi and M2M2. It follows 
that Vi, . . . ,vn- also diagonalizes L*jrLf, and hence 

N 

J]((Mi + M2)*(Mi + M2K,t;.)i/4^) = ||/|U(c) 

i=l 

by the explicit formula for the algebra norm. The lemma follows combining this with the 
previous. □ 



7. Indicator functions with very small yl(G')-NORM 

Suppose that G is a finite group and A C G is not empty. It follows from Lemma 15.31 
that 

I|1aIU(g) ^ I|1a||l°=(/xg) ^ 1- 

Our main theorem is to be thought of as describing the structure of 1a when 111^11^(0) 
tends to infinity very slowly in the size of the group. If ||1a|U(g) is, in fact, close to 1 then 
even more can be said. 



20 TOM SANDERS 

First recall Corollary 16.21 where we showed that ||1a|U(g) iiiay, in fact, be as small as 
the above trivial lower bound. Curiously, it turns out that there is a jump in the possible 
values of the algebra norm after 1. The following proposition is the content of this section 
and confirms this fact. 

Proposition 7.1. Suppose that G is a finite group and A G G is non-empty and has 
||1a|U(g) < 1 + 1/750. Then there is a subgroup H ^ G and an element x G G such that 

The proof itself can be seen as a sort of very simplified model for the wider work of the 
paper. To begin with we note the following lemma which is essentially due to Fournier 
|Fou77j and is a sort of Balog-Szemeredi-Freiman theorem for very large energy sets. 

Before beginning the proof it will be useful to recall the symmetry set notation of Tao 
and Vu |TV06j . Suppose that G is a finite group, A G G and rj G (0, 1] is a parameter. 
Then the symmetry set of A at threshold rj is 

Sym^(A) ■={xgG:1a* Ia-^{x) ^ VI^g{A)}. 

Lemma 7.2. Suppose that G is a finite group, A G G is non-empty with || 1a* 1-A|li2(^g,) ^ 
(1 — cJficiA)^ and rj G [12c, 1/12) is a parameter. Then there is a subgroup H ^ G and 
some X G G such that 

ficiH) ^ (1 - cr]-^)fiG{A) and ficiA n Hx) ^ (1 - 27])fiG{H). 

Proof. Write a for the density of A in G and put K := Sjmi_^{A) . Now, if x,y G H then 

Hg{A n xA) > (1 - r])a and fiaiA fl yA) > (1 - r])a. 

It follows that 1a * lA-^{xy) > (1 — 2ri)a by the pigeonhole principle (or, more formally. 
Lemma [9^ and so we put K' := Sym]^_2^(A), and note that G K'. 
Now we shall estimate the size of K: 

{lA*lA-^fdfJ,G = / {lA*lA-^fdllG+ I {lA*lA~^fdllG 

J Jg\k Jk 

< {l-ri)a. 1a* lA-^duG + a. 1a * Ia-ic^/^g 
Jg\k Jk 



'G\K 

'l-ri)a^ + rial 1a * Ia-ic^/^g, 
Jk 



whence 



1a * lA-^duG ^ (1-1] ^c)a^ 



K 



and it follows that ^g{K) ^ (1 — ^ ^c)a form the trivial upper bound on the integrand. 
On the other hand 

^lG{K').{l-2^^)a^ j U * Ia-ic^/^g ^ 
so that iiG{.K') ^ (1 - 2ri)-^a. It follows that 

^lG{K^) ^ (1 - 2r^y\l - 7]-'c)-'fiG{K) < 3/2fiG{K) 
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since 12c < rj < 1/12. It follows from |TV06[ Exercise 2.6.5] (which is, in turn, from 
[LabOl] ) that H := is a subgroup of G, and hence that 

aWfiK^ * 1a\\l^{,,g) ^ 1a * 1a-i)l2(;,g) ^ (1 - 2r7)a. 
We conclude that there is some x such that fia^H fl xA~^) > (1 — 2ri)fiG{H), and since 

ijg{h n xA"^) = /iG(^"^ n Ax-'^) = i2g{h n Ax'^) 

the result follows. □ 



Proof of Proposition 7.1. Let vi, . . . ,vm be a Fourier basis for 1^ = It follows from 

Parseval's theorem that 

N 
N 



i=l 

It follows from Holder's inequality that 



N \ ^ / N \ / N ^2 



LA 



.i=i / \i=i / \i=i 

On the other hand by the explicit formula for the yl(G')-norm and Lemma [5.11 that 

N 

||1aIU(g) = ||1aIU(g) = E ki(iA)|, 

i=l 

and by Parseval's theorem that 

N N 

1=1 i=l 

Combining all these we see that 

||1a * ^A-A\h{f,G) ^ f^GiAf/\\lA\\A{G)- 

Since ||1a|U(g) ^ 1 + 1/750 we can apply Lemma [7^ with 77 = 1/20 to get a group H ^ G 
such that 

^GiH) ^ 19/iG(A)/20 and n Hx) ^ Q^ig{H)/1Q 

for some x G G. By Lemma 15.11 we may translate A without changing the hypotheses of 
the proposition so without loss of generality we assume that Hx = H. It turns out that 
A = i!f as we shall now show. 
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Suppose that x' G A\H. Then 



20 9 
^ Y^f^ciH) - Y^f^ciH) = 29fiGiH)/190. 



It follows that 



- 1a * /i/f|U°°(MG) ^ 161/190. 
On the other hand 1a * fJ'ni^'^) ^ 9/10, whence 

\\1a - 1a * Ai/flU(G) ^ 161/190 and \\1a * /Uh||a(g) ^ 9/10, 

by Lemma [5.31 This leads to a contradiction by Lemma [6.41 and we conclude that A G H. 
In the other direction, ii x' ^ H \A then 

|(1a - 1a * f^H)ix')\ ^ finiA n x'-'H) = finiA n H) ^ 9/10. 



Similarly 
whence 



|1a * fiHix)\ ^ finiA n x'-^H) = uniA n H) ^ 9/10, 



||1a - 1a* fJ'H\\A{G) ^ 9/10 and \\1a * yU//||A(G) ^ 9/10, 
by Lemma 15.31 Again this leads to a contradiction by Lemma 16.41 and we conclude that 
A = H completing the result. □ 

Of course with care one can considerably improve the constant 1/750 in the above, but 
even then the conclusion is not strong. In the abelian setting this sort of problem has 
been considered by Saeki in |Sae68aj and |Sae68bj who has given a much stronger answer 
through the construction of cleverly chosen dual functions. It does not seem impossible 
that such an approach would also work here although we have not tried it. 

It should also be remarked that there is a parallel in an area of additive combinatorics 
called the structure theory of set addition (see |Fre73] ) . There one finds theorems describing 
the structure of sets with small but slowly increasing doubling, and then much stronger 
theorems describing sets with doubling at most 3, say. See, for example, |Fre66l [HP02] and 
[DF03] . 

8. Approximate groups: an introduction to multiplicative pairs 

In this section we introduce the notion of 'approximate group' which we shall be using 
in this paper. There are a number of candidates for such structures in the literature and 
for a survey the reader may wish to consult |Gre09j . Our candidate is motivated by some 
ideas of Bourgain from |Bou99j and we now turn to its introduction. 

One begins by observing that many sets are symmetric neighbourhoods of the identity; 
a group is such a set which is also closed. This additional closure requirement can be very 
restrictive if, for example, G is a cyclic group of prime order. Bourgain noted that it may 
be relaxed to an approximate closure condition which may be summarised by saying that 
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if you take a small ball and add it to a large ball, then most of the time you remain in the 
large ball. 

The prototypical examples of the above idea are (5-balls in W^: let Bs be the ball (cube) 
centred at the orgin of side length 6 in the £°°-norm. It is easy to see that E Bs and 
—Bs = Bs- Unfortunately these balls are not closed as Bs + Bs — B25 which is, in general, 
much larger than Bs- 

This problem is solved by introducing an asymmetry in the group operation: instead of 
perturbing B^ by itself, we perturb it by B^i for some 5' much smaller than 5. In this case 
we have 

Bs + By C -65+5/ and B^s' + By C B^ 
and recover a sort of approximate closure property in the sense that 

— kb;) — = ^^^^^ 

where fj, denotes Lebesgue measure on W''. Fortunately this notion makes sense not just in 
abelian groups but also in non-abelian groups. 

Suppose that G is a finite group and r e N. We say that B = {B, B') is an r -multiplicative 
pair with ground set B and perturbation set B' if 

(i) B and B' are symmetric neighourhoods of the identity; 

(ii) there are symmetric neighbourhoods of the identity 5+ and B' such that 

B'rB'B"' C B and B'^'BB"- C B+. 
We say that B is e-closed if 

^JiG{B^\B-)^e^JiG{B), 

and c-thick if 

fia{B') ^ cficiB). 

Given an e-closed r-multiplicativc pair B with ground set B, the sets 5+ and B^ are not 
unambiguously defined. Of course our arguments only ever use the above properties of 
these sets so this ambiguity does not present a problem. 

The parameter r essentially tells us how many times we are 'allowed to' multiply elements 
of B by elements of B', and the level of closure determines the extent to which we remain 
in B when doing this. Ideally we should like to be able to scale up r by a factor k at 
the cost of replacing e with 0{ke). We cannot quite do this but in practice it is a good 
heuristic to keep in mind. 

Typically r will be 0(1), e ^ very slowly and c ^ as e ^ or r ^ 00. It is 
instructive to consider a few examples. 

Example 8.1 (Subgroups). Suppose that H ^ G. Then B = {B,B') := {H,H) is easily 
seen to be a 0-closed 1-thick 00-multiphcative pair on setting S+ := B~ :— H. 

Example 8.2 (Unions of cosets). Suppose that H ^ G and ^4 is a symmetric neighbour- 
hood of the identity of size k in the normaliser of H, so that aH — Ha for all a & A. Then 
B = {B, B') := {AH, H) is easily seen to be a 0-closed A;~^-thick 00-multiphcative pair on 
setting B+ := B' := AH. 
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Example 8.3 (Subpairs). Suppose that B = {B, B') is an e-closed c-thick r-multiplicative 
pair, B" C -B' is a symmetric neighbourhood of the identity, G N, e' ^ e, c' ^ c is a 
non-negative real and r' ^ r is a natural. Then the pair B' := {B,B"^) is an e'-closed 
c'-thick [r'/fcj -multiplicative pair. 

Example 8.4 (Conjugate pairs). Suppose that B = {B,B') is an e-closed c-thick r- 
multiplicative pair. Then so is B^ := {yBy~^ ,yB'y^^) for all y 

Example 8.5 (Product sets). Suppose that A C G is a symmetric neighbourhood of the 
identity and ^ci^^) ^ K^ci.^)- Then B = {B,B') := (A^*", A) is an r-multiphcative pair 
on setting B~^ := A'^'^ and B^ := {1g}'- all the sets are symmetric neighbourhoods of the 
identity and 

B"BB"' = A'.A^'.A^ C = 5+ 

and 

B'^B-B" = A".{1g}.A" C A^' = B. 

Of course, here the closure parameter will be at least 1/2 unless i? is a subgroup (by (TV061 
Exercise 2.6.5]); the thickness is by Lemma [11.31 

Example 8.6 (Sets with polynomial growth). Suppose that A C G is a symmetric neigh- 
bourhood of the identity such that 

/xg(^") ^ CnVG(^) for all n ^ 1; 

A is a set of polynomial growth. By the pigeonhole principle and the polynomial growth 
condition there is some 2r ^ n ^ 0^^r,d,c{^) such that 

Then B = {B, B') := (A", A) is clearly seen to be an r-multiplicative pair by taking 
B+ := and B' := A"-^^ Moreover, 

^ e/iG(A"-2'^) ^ e/XG(A"), 

whence B is e-closed, and 

/^g(^") 

so B is ne,r,d,c(l)-thick. 

This last example behaves like a discrete version of a Bourgain system. While we shall 
not work with Bourgain systems explicitly in this paper, we shall consider sjnnmetry sets 
which are a type of Bourgain system and naturally give rise to multiplicative pairs in the 
same way. 

When G is abelian all multi-dimensional coset progressions and Bohr sets give rise to 
additive (multiplicative) pairs in a fairly simple and natural way, and it turns out that 
in that setting the converse is essentially true by the Green-Ruzsa-Freiman theorem from 
|GR07] . Unfortunately there is no known generalisation of this theorem to arbitrary finite 
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groups, although many attempts have been made: see |BG10b[ IBGlOal IFKP10[ IHruOQj 
and [TaolOj for details. 

Although the Green-Ruzsa-Freiman theorem can be used as above to classify additive 
(multiplicative) pairs its utility comes not from this, but rather from the fact that it shows 
that any set of small doubling actually correlates with a multiplicative pair. In fact it 
shows the much stronger statement that any set with small doubling correlates with a 
multi-dimensional coset progression but, as mentioned, no such result is known in the 
non-abelian setting. 

Our programme now is two-fold: we shall prove a weak Freiman-type result which will 
show that any set with small doubling correlates with a multiplicative pair in general 
finite groups, and we shall develop some analysis relative to the rather weak structure of a 
multiplicative pair. More specifically we have the following sections developing these two 
goals. 

(i) In §^ MTUt i fTT] we prove our Freiman-type results. The first of these sections is the 
basic result, the second contains a multi-scale generalisation and the third effects 
the passage between containment (of a multiplicative pair) and correlation (with 
a multiplicaive pair). 

(ii) ^ IT2l 8! [T3l contain the basic lemmas for physical space analysis on multiplicative pairs 
and how to normalise them so that they behave more like normal subgroups. 

(iii) § §14|[T5t i fTB] introduce the techniques for spectral analysis on multiplicative pairs 
and establish the basic results regarding the large spectrum. (They all feed into 
^TE\ where a Bogolioiiboff-type result is proved, which provides a good example of 
the application of the ideas from these sections.) 

(iv) ^Tdl governs the spectral behaviour of the multiplicative pair itself and is arguably 
the last section on the 'general theory of multiplicative pairs'. 

9. Symmetry sets and a Freiman-type theorem 

It is the objective of this section to show how symmetry sets give rise to multiplicative 
pairs. The importance of symmetry sets has been clear for a while and a good introduction 
in the abelian setting may be found in §2.6 of the book |TV06j of Tao and Vu. 

We begin by explaining how they give rise to multiplicative pairs: it is immediate that 
Sym^(y4) is a symmetric neighbourhood of the identity contained in AA~^, and that we 
have the nesting property 

Sym^(A) C Sym^,(A) whenever t] ^ r]'. 

At this point we can declare our candidate for a multiplicative pair: we shall take a certain 
set A and define 

i3=(i?,i?'):=(Sym,(A),Symi_^,(A)) 

and 

B+ := Sym5_2^^(v4) and B' := Sym5+2,,(^) 
for some suitably chosen 5, much smaller 77, and still smaller 77'. We now have four things 
we wish to show: 
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(i) that B is a large part of AA^'^ for suitably chosen 6 if A has small doubling, which 
we show in Lemma [9. Ij 

(ii) that B is an r-multiplicative pair for suitably chosen i]' in terms of rj, which we 
show in Lemma [9.2j 

(iii) that B is e-closed for suitably chosen S and rj, which we show in Lemma [9. 3t 

(iv) and that B is c-thick for suitably chosen t]' and A, which will follow from Propo- 
sition EH 

Of course we should also like the 'suitable choices' to be compatible! We then combine all 
this in the main result of the section: Proposition 19.51 

First we show that if A has large multiplicative energy then Sjm^{A) is large for 6 
sufficiently small in terms of the energy constant. 

Lemma 9.1 (Largeness of symmetry sets). Suppose that G is a finite group, A C G has 
II U * lA-A\h(f,^) > cficiAf and 6 G (0, 1]. Then 

imn{fiG{AA~'),6-'fiG{A)} > fiG{Sjms{A)) ^ {c-6)fiG{A). 

Proof. The proof is an immediate calculation. First the upper bound: since the set Sjmg{A) 
is a subset of AA~^ the first upper bound is trivial and by its definition we have 

fiG{Sjms{A)).6fiG{A) <: J lA*lA~^dfiG = f^G{A)fiG{A''), 

from which the second follows immediately. Now, the lower bound: again by definition of 
Sjm^^A) we have 

HG{SYras{A))nGiAf + 5hg{A). j 1a* lA-^d^G > j lA*'^\-id^G- 

However, the right hand side is at least c/^gI^)^ we get the desired bound since 

j Ia * lA~^dfXG = fXG{A)fXGiA-') = fXGiAf. 

The lemma is proved. □ 

Generically Sym^(A) may just contain the element 1g for 6 > c: consider, for example, 
the situation when A is a random subset of G with density c. In this case 1^ * lyi-i will 
almost always take the value = c^g{A). 

The next lemma establishes an iterated containment property for symmetry sets. 

Lemma 9.2 (Sub-multiplicativity of symmetry sets). Suppose that G is a finite group, 
Ac G and 5,ee (0, 1] . Then 

Sym5(A) Symi_,(A) C Sym5_,(A). 

Proof. Suppose that s G Sym^^A) and t G Sjm-^^_^{A) so that 

fiGiA n sA) = 1a* 1a-i(s) ^ SfiGiA) 

and 

f^GiA n tA) = 1a * U-i(t) ^ (1 - e)/iG(^). 



QUANTITATIVE VERSION OF NON-ABELIAN IDEMPOTENT THEOREM 27 

Now BnC D {Br]D)\{D\C) for all sets B, C, D, so 

Hg{A n stA) ^ hg{A n sA) - hg{sA \ stA), 

whence 

ficiA n StA) ^ /iG(v4 n sA) - ficiA \ tA) ^{6- e)fiG{A). 
It follows that st G Sym_5_^(y4) as required. □ 

Note the symmetry in the statement of the lemma if we write S = 1 — e'; then it is 
exactly like the first half of |TV06t Lemma 2.33]. 

We now go on to prove that if A has large multiplicative energy then there must be two 
symmetry sets with close threshold of similar size - these are the candidates for B^ and 
B~ in our multiplicative pair. 

Lemma 9.3. Suppose that G is a finite group and A C G has || 1a* Ili2(^^) ^ cficiAY- 
Then there is some c' G (c/4,c/2] such that 



1 



^GnMl + '^ogc-': 



/^G(Sym^,(A)) 

whenever \ri\ ^ Cn/{1 + logc~^) for some absolute constants G-ji^c-ji > 0. 
Proof. Let / : [0, 1] — ?■ M be the function defined by 

fi^) ■= 1 — ^log/iG(Sym^/2i+i(A)). 
log 8c ^ ' 

By nesting we have that / is an increasing function of 6, and by Lemma 19.11 we have that 

/(O) > ^4^1og(c/.G(A)/2) and /(I) ^ —L_^log{4c-'fiG{A)), 
log 8c ^ log 8c ^ 

so /(I) — /(O) ^ 1. We claim that there is some 6 G [1/6,5/6] such that 

1/(5 + 6') - f{6)\ ^ 3\6'\ whenever \6'\ ^ 1/6. 

In not, then for every 5 G [1/6, 5/6] there is some interval of length at most 1/6 having 
one endpoint equal to 6 and 



df > 3dx. 

Is J Is 

These intervals cover [1/6,5/6] which has length 2/3, whence by a covering lemma (e.g. 
[GK09[ Lemma 3.4]) lets us pass to a disjoint collection of intervals Isi, - ■ ■ ,I6„ of total 
length at least 1/3. However, 

1^1 df^^'l df>^ I 3dx>l. 



n ^ 71/ rt 71/ n 

•^0 i=i J Is, i=i J Is, 



This contradiction proves the claim and there is such a (5 G [1/6, 5/6]. Put c' = c/2^"'"'^ and 
note that 



log/iG(Sym^,/2«'(A)) -log/^G(Sym^,(A))| ^ 35'log8c 



'2 
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whenever \6'\ ^1/6. It follows that 



/XG(Symc,(^)) 



2\35' 



from which we get the result. 



□ 



The above proof is the same as the now ubiquitous Bourgain regularity argument from 
|Bou99] . and we could have made do with a straightforward pigeonhole argument (see, 
Example 18.61 for an idea of how) as our later results will not be able to preserve the fact 
that c' does not depend on which particular t] we choose in the allowed range. 

We now turn to the fourth objective of finding a supply of large symmetry sets with 
threshold close to 1, so as to ensure that our multiplicative pair is thick. This is provided 
by the central result of |SanlOj which we now recall. 

Proposition 9.4 ( |SanlO[ Proposition 1.3]). Suppose that G is a finite group, A is a non- 
empty subset of G with /xg(^^) ^ KficiA), and e G (0, 1] is a parameter. Then there is a 
non-empty set A' G A such that 



Finally we are in position to prove our weak Freiman-type theorem. 

Proposition 9.5. Suppose that G is a finite group, A G G is symmetric with ^ci^'^) ^ 
KfXci^) ^''^d r G N and e G (0, 1] are parameters. Then there is a positive real c = f2x,r,e(l) 
and an e-closed, c-thick r -multiplicative pair B with ground set B such that 



Apply Proposition 19.41 with parameter rj/lQrK'^ to get a non-empty set A' G A such that 

(A' A)) ^ fi,,,,,,(/iG(A)). 



It is easy to check that A' A has large energy. In particular let a G A' (such exists since A' 
is non-empty) we have 

\\Ia'A * ^{A'A)-A\L^^^G) ^ 11^"^ * ^{aA)-^\\L^^,G) = * ^A^Alhit^G)^ 

by change of variables x = aza'^ in the second integral. On the other hand 



/XG(Symi_,(A'A)) ^ exp(-irO(^"'))/iG(A). 



BgA^ and ficiB) ^ niR-^'^^^ ficiA)). 
Proof. Recall that C-ji and c-ji are the constants from Lemma 19.31 and put 
7] = min{l,C7^,C7^}e/(l + log4ir^) = fi(e/(l + logiT)). 




A* U-^Wl^^g) 




since A is symmetric, fici^' 
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4^) ^ KjjciA) and A' G A. We conclude that 

U'A * liA'A)-4hi,G) ^ f^G{A'A)yK\ 
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Finally we apply Lemma [9.31 to get d G (l/4i^^, 1/2K'^] such that 

/iG(Sym,,(i+^,)(A'A)) ^ (l + CW(l + log4ir^))/iG(Sym,,(A'A)) 
for all r]' ^ C7^/(l + log4ii'^). In particular, given our choice of rj 
(9.1) /iG(Sym,,(i+^)(A'A)) ^ (1 + e)^G(Sym,,(A'A)). 

We set 

5+ := Sym,,(v4'v4),fi- := Sym,,(i+^)(A'A) and 5 := Sym,,(i+^/2) (A'A), 

and now verify that B has the desired properties. By nesting and the lower bound on c' 
we have that 

5"" C Symi_^/i6;^4(A'v4) C Sjm.^_^,^/^{A' A), 

and so it follows from Lemma 19.21 that B is r-wide. By (19.11) we see that B is e-closed. By 
Lemma [9. II we see that 

(c'(l + r,/2))-'^^G{A'A) ^ ^,g{B) ^ - c'(l + r]/2))fiG{A'A), 

whence 

fiG{B) = 0^(/iG(A)) and fiG{B) = n{K-'fiG{A)). 

The first of these coupled with the lower bound on the size of B' shows that B is flK,r,e{^)- 
thick. The second of these establishes the lower bound on the size of B and, finally, 

B = Sym,,(i+,/2)(A'A) C A'A{A'A)-' ^ A' 

since A' G A and A is symmetric. The result has been proved. □ 

It may be worth recalling Ruzsa's proof of Freiman's theorem |Ruz94] at this point, 
where he shows that the four-fold sumset of a set with small doubling contains a large 
multi-dimensional arithmetic progression. It is a short covering argument to pass from 
this to Freiman's theorem. We shall not take this second step, instead proceeding along 
the lines of ^ITTlto show that A correlates with this multiplicative pair. 

It is also worth recording the bounds in this theorem, which follow directly from the 
application of Proposition 19.41 we may take to be doubly exponential in 0{re~^K'^^^^). 

10. A Freiman-type theorem with multiple scale multiplicative pairs 

As it stands Proposition 19.51 outputs one e-closed r-multiplicative pair B with ground set 
B and perturbation set B'. However, sometimes it is useful to have another perturbation 
set B" such that B' := {B,B") is an e'-closed r'-multiplicative pair where e' and r' may 
depend on the thickness of B. 

In fact we shall need a whole system of pairs which behaves somewhat like a restricted 
range Bourgain system. Such a result does not follow from repeated applications of Propo- 
sition [931 instead we have to use a large pigeonhole argument coupled with the ingredients 
that went into Proposition 19. 5[ 
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Proposition 10.1. Suppose that G is a finite group, A is symmetric and fici^'^) ^ 
KficiA), r : (0, 1] — > N zs a monotone decreasing function, e : (0,1] — > (0,1] is a mono- 
tone increasing function and J & N is a parameter. Then there are positive reals (q)^]^ 
with Cj = flK,r,e,j{^) cind a nested sequence of sets {Bi)f_Q such that Bij = {Bi,Bj) is an 
e{cj^i)- closed, Cj-thick r{cj^i) -multiplicative pair whenever i < j and 

Bo C and ficiBo) = nKifiaiA)). 

Proof. We begin by defining auxiliary sequences of non-empty sets {Di)^^Q, reals (ci)^Q 
and {Ki)^^Q, and naturals {ki){^^. The reals are defined directly in terms of these sets by 

Q := iiG{Dt)/liG{Dl^) and := /iG(A'')//^G(A), 

which then lets us define the naturals by 

:= [(l + logir,)/e(c,)l(2r(c,) + l). 

To begin the definition of the sets (which will be inductive) apply Proposition 19.41 to the 
set A to get a non-empty set A' G A such that 

/iG(Symi_i/i3(A'A)) = nKifioiA)). 

Set Do := Sjmi_i^-^^^{A'A) and note that since A' G A and A is symmetric we have 
Do G A'^, and by Lemma [9. II and Lemma [9.21 

ficiDl^) < ISficiA'.A) = OiKficiA)). 

It follows from the lower bound on hg^Do) that Ko = Oxi^) and cq = Qxi^)- We shall 
arrange the sets so that they have the following properties: 

(i) Di is a symmetric neighbourhood of the identity for all ^ z ^ J; 

(ii) Ki = OK,r,eA'^) for all ^ i ^ J; 

(iii) Ci = Ox,r,e,i(l) for all 1 ^ i ^ J; 

(iv) c for all ^ i ^ J - 1. 

It is immediate that Do satisfies the above (dl]), dH]) and dm]) by design and dlx]) vacuously). 
Suppose that we have defined Di satisfying the above. Di is a symmetric neighbourhood 
so Df G D}^, whence ficiDf) ^ KificiDi) and we may apply Proposition 19.41 to get a 
non-empty set D'^ G Di such that 

/XG(Symi_i/i2(fc.+i+i)(^iA)) = ^/f„fc,+i(MG(A))- 

Put Di^i := Sjmi_i/i2{ki+i+i){Di^i) and note that we have property Property 
follows from Lemma [9. 2[ and that lemma and the lower bound on ficiDi+i) tell us that 



Ki+i — Ox^k^+ii^) — OK,r,t,i+l{^] 



Finally 
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by the lower bound for ficiDi^i) and the fact that 

The construction is complete. 

We shall now define the sets B^^, and B~^i backwards in terms of the DjS: at stage 
j ^ J we shall have defined Bi for all j ^ i ^ J, and B^^, and B^^, for all j ^ i < i' ^ J 
such that 

(i) Bi is a symmetric neighbourhood of the identity; 

(ii) Df CB,C D}^ for all j ^i^J; 

(iii) Bi^i' := {Bi,Bi') is an e(Q'_i)-closed, Q/-thick r(cj'_i)-multiplicative pair for all 
j <i' ^ J. 

Notice that setting Bj := Dj certainly satisfies the requirements for j = J. Properties (ji]) 
and dn]) are trivially true, and dm]) vacuously true. 

Now, suppose that we are at stage 1 ^ j ^ J of the iteration. The following claim is 
pivotal. 

Claim. Suppose that j ^ jo ^ ji ^ J and /j^, . . . , Ij^ are integers such that ^ k ^ ki for 
all jo ^ i ^ ji — 1 and ^ Ij^ ^ kj-^ + 1. Then 

30 ■ ■ ■ ii ^ jo 

Proof. We prove this by downward induction on jo; if jo = Ji then the result is trivial since 
Bj is a neighbourhood of the identity and Bj C D^- Now, suppose that we have proved 
the claim for some j ^ jo ^ ji. If satisfy the hypotheses of the claim, then by 

the inductive hypothesis 

r>ho r>hi ^ 7-)12(A;j,j + l) 
io ■ ■ • ii ^ io 

But then 

p'io-i r'ji I— T^'^^io-'^ 7-)12(A;jQ +1) 
• • • ^ ^30- 1 ^jo 

However, /^j^'-^^o^^-' ^ ^jo~i construction of the DiS and we are done since 12ljg-i + 4 ^ 
12(/Ljf,_i + 1). The claim is proved. □ 

It follows from the claim that if j ^ i ^ J and (Zj')*/^^ is a sequence of integers such 
that ^ Ij' ^ kj' for all j ^ j' ^ z — 1 and li ^ ki + 1, then 

(10.1) B^... b'jD^_,b'j ...B^C Z)i2(fc.+i)_^4_^_^i2(fc,+i) ^ 

by construction of the DiS. 

We shall now define a sequence of naturals {li)i=j with 

r(cj_i) ^k^ki- (r(ci_i) + 1) for all j ^ i ^ J 

and sequences of sets (-B^Li i)/=j, {,Bj^i^i){^j and {,BJ_^ di=j- We define the sets in terms of 
the naturals: 

B,.,,:=B'^...b'^D^_,b'^ ...B'^, 



32 TOM SANDERS 

and 

Suppose that we have picked {Ij'Yji^j. In view of ( 110. ip and the definition of we have 

that 

whence 

fJ'G[B.-^^ Bj^i^iBi^^ ) ^ ^^(£)4 ^ l^G[Bj-i,i). 
By construction of the DiS we have that 

Thus we may apply the pigeonhole principle to pick /j+i with 

r{ci) ^ k+i ^ fci+i - (r(ci) + 1) 

such that 

/iGl-Di+i Bj^i^iB^^^ ) 

is at most 

which when decoded tells us that 

(10.2) ^ (1 + 6(Q))/iG(57_i,+i). 

Having completed the above construction put -Bj-i := -Bj_i,j, and note that by design Bj^i 
is a symmetric neighbourhood of the identity containing Dj_^. Furthermore, by (110.11) we 
have 

and to complete the induction it remains to check that has the desired properties 

for all j ^ i ^ J. 

(i) (Symmetry) The sets Bj_i and Bi are symmetric neighbourhoods of the identity. 

(ii) (Multiplicative pair) The sets B^_^ ^ and B~_^ ^ are symmetric neighbourhoods of 
the identity. To check the necessary inclusions we note that in one direction it is 
immediate: 

Bi B-_^-B^ - Bj_i^i C Bj_i. 
In the other we have 

and by symmetry 

B'j ... B^lll C D^^f C Dt C 5,. 
from the claim. Thus 

C B^^^Bhzl . . . b'.^D^_,b'/ . . . B^lBl'+\ 
and so it follows that 
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is contained in 

which is -BjLi^j as required. It follows that Bj^i is r(Q_i)-wide. 

(iii) (Closure) The closure parameter of is e(cj_i) by fll0.2p . 

(iv) (Thickness) The thickness of Bj^i^i is 

^^GiB^)/^iGiB,^l) > /iG(A')^G(/^j!l) 

^ fiG{Dt)/f,G{Dl')=C. 

by the properties of the sets Dii. 

The induction is closed and terminates when j = 0, when we have a system of multiplicative 
pairs with the desired properties and it remains to note that Bq C D^"^ C A"^, and 

The result is proved. □ 

Since the above argument is essentially a regularity construction (c./. [TaoOGj ) it will 
come as little surprise that the bound are tower type in J. Indeed, we shall have r{x) = 
0(1) and e(x) ^ Cx'^^^-' in applications in which case it is easy to read out a lower bound 
on Cj from the above: it is a tower of height 0{i) in C + 0(1). Moreover, /ic'(y4)//iG(i?o) 
may be taken to be expontial in K^^^\ 



11. From containment to correlation with multiplicative pairs 

In this section we show how to pass from the situation of containing a multiplicative 
pair to correlation with a multiplicative pair. This shift in perspective with Freiman-type 
results was introduced by Green and Tao in |GT09j (although it is heavily foreshadowed 
in |Gow98j ) and has since been used fruitfully in many situations. 

We shall prove the following as a consequence of Proposition 19.51 

Proposition 11.1. Suppose that G is a finite group, A G G has fiGiA"^) ^ KfiG{A) and 
r G N and e G (0, 1] are parameters. Then there is a positive real c = f2x,r,e(l) O'lT'd an 
e-closed, c-thick r-multplicative pair B with ground set B such that 

II U * /UbIIl-Cmg) = ^x(l) and Hg{B) = nxilJ^GiA)). 

It should also be remarked that in recent work of Croot and Sisask |CS10j some combina- 
torial arguments have been developed for showing that if A is dense then 1a * 1a is almost 
invariant over a large set - repeated addition of this set can be used to give a multiplicative 
pair. If their results extend to give large sets when A merely has small doubling then it 
seems that it might be used to give another version of the above. 

We require the following trivial projection fact for symmetry sets, which shows that if 
the threshold of a symmetry set of A is very close to 1 then ^a is approximately invariant 
under convolution by probability measures supported on that set. 



34 



TOM SANDERS 



Lemma 11.2. Suppose that G is a finite group, A d G and e G (0, 1]. Then 

/ \l- fi* lA\dfiA ^ e 



for all probability measures /i with supp fi C Sjm^_^{A) . 

Proof. Suppose that n is a. probaility measure with supp C Sjmi_^{A). Then 



(1^ * lA-i,/i)L2(^^) ^ (1 - e)fiGiA) 



by definition of the symmetry set. However, it follows from Lemma [4. II that 

{1a, fi * ^ (1 - e)/^G(^), 



whence 



{1a, 1- fi* lA)LHf,G) ^ 

However, ^ yU * 1a ^ 1 and so the lemma is proved. 



□ 



The proof of Proposition 111.11 will also use a couple of results from |Tao08] . The first is 
a sort of non-abelian Pliinnecke theorem (c./. [PliiGQ] ). 

Lemma 11.3 ( [TaoOSl Lemma 3.4]). Suppose that G is a finite group and A G G has 



for any signs di, . . . , (T„ G { — 1, 1}. 

The proof is not difficult - it is a covering argument of a type popularised by Ruzsa 
|Ruz99j - although it was a key insight of |Tao08j that these arguments go through directly 
in the non-abelian setting. 

We shall also require a result which lets us pass from small doubling to a large subset 
with small tripling. Again this is from |Tao08] . but it turns out that this is also a trivial 
corollary of Proposition 19. 4[ 

Corollary 11.4. Suppose that G is a finite group and A G G has ftciA'^) ^ KftciA). 
Then there is a set A' and element x E G such that xA' C A 



3) < KficiA). Then 



fiG{A'''...A''")^K''"'^'^fiG{A) 



fMciA') = nKificiA)) and ficiA") = OKificiA')). 
Proof. Apply Proposition 19.41 to get a non-empty set A" C A such that 



fiG{SYm,_y,{A"A)) ^ exp(i^«(i))/iG(A). 



Put Aq := Sym^_^/g(A"A), and then note by Lemma [11.21 that 




so that there is some x G G such that 



/iG(Ao n (Ax'')) = fxciAo n xA-') ^ 2fiGiAo)/3 = fii^(/iG(A)) 



QUANTITATIVE VERSION OF NON-ABELIAN IDEMPOTENT THEOREM 35 

since Aq is symmetric. Put Ai := AqH^Ax^^) so that ficiAi) = Qxifi'd^))- Furthermore, 
Al C Sjm^/2{^"^) by Lemma [9.21 and hence by Lemma [9. II we have that 

IJg{AI) ^ 2ijg{A"A) ^ 2K^xg{A). 

The result follows on putting A' = x^^Aix. □ 

Of course the bounds in this corollary are immediately seen to be exponentially depen- 
dent on 0(K°(i)). 

Proof of Proposition First we apply Corollary 111.41 to get a symmetric set A' such 
that x'A' C A, /iG(^') = ^K{^^G{A)) and ^iciA'^) = OK{^J'G{A')). Apply Proposition [93] 
to get a set A" C A' such that 

fXG{Sjm,_,-,{A"A')) = nK{fXG{A)). 

By Lemma [9.21 we have that 

f,G{Sym,_,.,{A"A'f) ^ fiGiSYm,_y,{A"A')) ^ 2^ig{A".A') ^ 2/xg(A). 

Putting A'" := Symi_2-4(A"A') we have that 

fiG{A"') = QKif^GiA)) and fiG{A"") = OK{t^G{A"')). 

We apply Proposition 19.51 to get a positive real c = f2x,r,e(l) and an e-closed c-thick r- 
multiplicative pair B with ground set B with 

Be A'"" and = fix(/iG(^)). 

On the other hand by Lemma 111.21 



j |1 - * '^A"A'\dfiA"A' ^ 1/2 



whenever supp /i C Sym^_^/2(^"^')- Since B C A'"^ C Sjm-^_-j^/2{A"A') by Lemma [9^ we 
see that we may put fi = fiB- It follows that 

Whb * ^A"A'\\l°^(/ig) ^ 1/2- 

However, it is easy to see that 

^A"A' ^ fJ^A' * l(A'-iA"A')-i 

whence 

by non-negativity. We apply Young's inequality to see that 

^G{{A'-^A"A')-^).\\^lB*^^A'\\L^{^.a) > 1/2. 

On the other hand A" C A' and so by Lemma 111.31 and the fact that A' has small tripling 
we get that 

whence 
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It remains to note that I^'-^a ^ 1a' so that 



by non-negativity and the definition of convolution. The result is proved. □ 



Regarding the bounds, c is quadruply exponential in 0{e ^rK"^^^^) and the correlation 
bounds are both exponential in K^^^\ 



12. Analysis on multiplicative pairs 



There is a very general class of problems in combinatorics which involve counting small 
structures in large structures. The prototypical example is three-term arithmetic progres- 
sions in abelian groups. Suppose that G is an abelian group and A G G. A three-term 
arithmetic progression in A is a triple x — y,x,x + y G A and there is a natural way to 
count them: 



Finding good lower bounds on T{A) in terms of the density of A is essentially the same 
as finding good bounds in Roth's theorem [Rot53j which has received the attention of 
numerous authors. 

If one now has a 1-additive (multiplicative) pair B = {B, B') and set A G B, the question 
becomes one of how to meaningfully count progressions in A relative to B. One way to do 
it is to think of B' as being the set we're 'allowed to add' to 5, and thus count 



Of course with more complicated structures than just three-term progressions, involving 
more variables and terms we would need to assume that B was an r-additive (multiplicative) 
pair for some larger natural r, but the basic idea is the same. 

The advantage of this definition is that many of the properties enjoyed by ^4 on a genuine 
group are approximately true on a multiplicative pair. For example, when A is roughly 
the whole of 5, Tb{A) is close to 1; when A is quasi-random in a certain rather nice sense, 
Tfs^A) is close to ixb^AY'^ and when /^^(A) has density bigger than 2/3 + ?7 (for some — )■ 
as e — )■ 0), A contains a 3-term progression by the pigeonhole principle. 

It is the purpose of this section to extend the straightforward physical space manipula- 
tions that work so well for groups to the setting of multiplicative pairs. The proofs proceed 
largely as expected and may be omitted by the experts. 

We begin with an approximate substitute for the unimodular Haar measure /xg. As was 
hinted at above, the measure /is is our candidate and the desired property is encoded in 
the next lemma. 

Lemma 12.1 (Approximate Haar measure). Suppose that G is a finite group and B = 
{B, B') is an e-closed r -multiplicative pair. Then 

for all probability measures /i with supp fi C B'^ . 




1a{x - y)lA{y)lA{x + y)dfiG{x)dfiG{y). 




^A^x - y)lA{y)lA{x + y)dfiB{x)dfiB'{y). 
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Proof. The equality is trivial: /T*!^ = u*Jl for all measure fi,^ on G, JTb = hb since B is 
symmetric and supp yU C -B' iff supp Jl G B' since B' is symmetric. 

Now, suppose that /i is a probability measure with supp fi C B'. Then 

II/xb * - /ifill ^ j \\py-i{^iB) - ^J^B\\d^l{y) 

by the triangle inequality. However, 

l|p,-.(/.,) - /.,|| - ^ ^ ' 

since i3 is an e-closed r-multiplicative pair. The result follows. □ 

An immediate consequence of this is a sort of continuity result on convolution with this 
approximate Haar measure. 

Lemma 12.2. Suppose that G is a finite group, f G L°°{fiG) one? B = {B, B') is an e-closed 
r-multiplicative pair. Then 

sup 1/ * ^iB{xy) - / * Hb{x)\ ^ e||/||L^(^g). 

Proof. First we recall that f*fiB{xy) = f * Py{fJ'B){x) since py commutes with convolution, 
so by Young's inequality 

\f * PB{xy) - f * pb{x)\ = \f * Py{pB){x) - f * pb{x)\ 

^ \\f\\L^(>^G)\\pyM - Pb\\- 
The lemma then follows from Lemma 112.11 □ 

The next argument is a short calculation typical of physical space manipulations with 
multiplicative pairs. 

Lemma 12.3. Suppose that G is a finite group, B = {B,B') is an e-closed r-multiplicative 
pair, f G L^{pB') and g G L°°{pbb'^)- Then 

lUfdpB') * i9\B)\\hi,,) - \\ifdpB')*9\\h^,J ^ 2V~e\\f\\h^,J\g\\l..^,^^,^y 

Proof. First we note by Young's inequality that we have 

WifdpB') * i9\B)\\h^,,) = ^^(ij/)2^^(ij) ll/*(^^^)llWG) 

Similarly we have 

WifdpB') * 9\\h{^,B) ^ 

whence 

IWifdpB') * i9\B)\\h^^^) - \\{fdpB') * 9fmm)\ 
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is at most 

mfdl^B') *{9- g\B)\\L^^,B)\\f\\LH^.s>)\\9\\L^{^BB'r)■ 
Of course by Young's inequality again 

The result follows on combining all this. □ 



The final result of the section will be used in §211 and while it is a calculation of the 
type presented here, its utility will probably not be clear without also reading that section. 
The result shows how, in a certain situation, to pass from ||/ * f ||L2(^g) being large to a 
properly relativised version being large. 

Lemma 12.4. Suppose that G is a finite group, Bq, Bi, B2 are symmetric subsets ofG such 
that Bij = {Bi,Bj) is a cj-thick, ej-closed, i-multiplicative pair for all j > i, f E L^{fiB2), 
h G L^{fixiBi) (not identically zero) and g G L^lfic) is an eigenvector of the convolution 
operator LJ^^^^ ^ Lmii^^b^ h<^ving non-zero eigenvalue M\^\\'l°°(p g ) 

Then, if ei ^ 1 and €2 ^ ?7C^|Ap/16, there is some x' G G such that 

\\fdfiB2 * {Px'{g)\Bo)\\h(^^g^_^) > ^ll/lli-(^s2)IIP^'(£')lli2(^s^)/4, 

and 

||px'(^?)IU-(/.Bo) ^ 4r7-i/2|A|-^q 1px.'(^7)IIl^(mso)- 
Proof. First, we note that 

\\fdfiB2 * 9\\hi^,G) = {fdf^B2 * fdfiB2 * 9, 9)l^pg) 

{fdfiB2 * fdfiB2 * 9,9dfJ^Box)mpG)dfJ'G{x) 



by linearity, and similarly 

ll5'lli2(;,G) = j {9,9dlJ^BfBlBox)L2{f,G)dfJ'G{x), 
whence, by averaging, there is an a;' G G such that 

{fdfiB2* fdfiB2* 9,9d^^Box')L^i^,G) > v\\f\\l^(f,B2)\\9\\hi^^^2s2s 



Now, Px'ifJ'Ax') = Pa for all sets A, and since p^' is unitary we conclude that 

{px'{fdfiB2 * fdpB2 * 9)^Px'{.9)dpBo)L^{f,G) 
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is bigger than 

On the other hand right translation commutes with left convolution hence 

Px'{fdfiB2 * fdfJ'B2 *9) = fdfJ^B2 * fdfiB2 * Px'ig), 

and 

hdpxiBi * hdpxiBi * Px'ig) = Px'ihdpx^Bi * hdpxiBi * g) 

= ^Hl^{^.^,B,)Px'{g)■ 

Thus we may assume, by translating g if necessary, that x' = Iq- 
The situation now is that 

|2 ||„||2 

We examine the difference Di, defined to be 



;i2.1) {fdpB2* fdpB2* g,g)L'^{t.Bo) > ^ll/llL-(MS,)ll^lli2(^ 2 2 )• 



\{fdpB2 * fdpB2 * g,g)L^t,Bo) - ifdpB2 * fdpB2 * {g\Bo),g)L^^,Bo)\ 

in the first instance. We begin by noting that supp fdpB2 * fdpB2 * (5'Ibo) -^l-^o C Bq2, 

and 

* fdpB2 * ig\Bo)ix) = fdpB2 * fdpB2 * g{.x) 
for all X G Bq2- It follows that 

Dl ^ \\g\\l^{p^2B,)\\f\\WB2) J ^B+,\B^/f^Bo 

^ e2||/||ioo( )||5'||ioo( ). 

^ "2 

Next we examine the difference D2, defined to be 

^ paiBo) '^^'^'^^^' * ^^'^"'"'^'(''g) ~ \\fdpB2 * {g\Bo)\\h(^f,gJ 
The integrands are the same inside Bq, so we have that 

D2 ^ I \fdpB2*i.g\Bo)?lB2B,,\BodpG 

Pg[Bo) J 
^ e2||/||ioo(^^^)||5'||ioc(B„) 

by Young's inequality. 

By the triangle inequality and the estimates for Di and D2 applied to (112. ip we get that 

\\fdpB2*{g\Bo)\\hi^B,) > ^ll/lli-(/.B2)ll^llWs2siBo) 

(12-2) -2e2||/||ioo(^^j||5'||^oo(B2^y). 
Now we need to bound ||5'||L°o(^2^y). Recall that 

hdpx.B, * hdpx.Bi *g = M\h\\L^{t^^^B,)9^ 
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thus 



Since h is not identically zero, it follows that if x G B2BQ, then 

|^(x)||A| ^ ^^^^^^^ I \9iz)\df^BMBoi^) 

^ o/^gTOh II 

by the Cauchy-Schwarz inequality and the fact that i?| C Bf and [Bq, Bi) is 1-closed 
4-multiplicative pair. We have shown that 

(12.3) \\9\\L^i,,2,^) ^ '^\M''c^'\\9\\l^(^.,,,,,^^)- 
Inserting this and the upper bound on 62 into (112. 2p we get that 

(12.4) ii/d/iB. * (gunhi,,^) > r/ll/llioo(,^^)||^7iii.(,^,^,^^y2. 

The first conclusion then follows since Bo C B^B^Bq and 

ficiBfBlBo) ^ 2fiGiBo) 

since [Bq, Bi) is a Ci-thick 1-closed 4-multiplictive pair. 

For the second conclusion note on combining (112. 3p with (112. 4p . that 

as required. □ 

13. Normalising a multiplicative pair 

Given a group G and a subgroup H of bounded index, it is relatively easy to find a 
subgroup K < G such that K C H and K is also of bounded index. The idea is to let K 
be the kernel of the natural embedding of G into the symmetry group on the cosets of H: 

G t-> Sjm{G/H)] X t-). yH xyH. 

Normal subgroups are often much easier to work with than subgroups and we shall at times 
want an approximate analogue for multiplicative pairs and it is the purpose of this section 
to prove such a result. 

Our argument is essentially the natural extension of the non-approximate situation via 
a covering argument. It works in reasonable generality so we include a version not specific 
to multiplicative pairs for the benefit of the reader. 
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Lemma 13.1. Suppose thatA,B,X C G, ixg{BB-^X-^XBB-^) ^ Khg{BB-^), and X 

has size M. Then there is a symmetric neighbourhood of the identity, S, with /J^oiS) ^ 
K^-^IIg{BB-^) such that uSu-^ C ABB'^A'^ for all u e AX. 

Proof. We let S :— f^^^j^ xBB~^x~^ , so that S is certainly a symmetric neighbourhood of 
the identity. Moreover, if m e AX then u G Ax for some x G X, whence 

uSu-^ C AxSx-^A-^ c Axx-^BB-^xx-^A-^ = ABB'^A'K 

It remains to show that S is large: enumerate X as {xi)i and define sets {Di)i inductively 
such that 

A C Di_i,HG{Di) = QK(/iG(A-i)) and AA~' C x^BB-'x-'. 

Set Di := S and note that it trivially satisfies the above. Now, suppose that we have 
defined A- Note that 

supplij, * = DiXi+iBB-^x-^, C xiBB-^X-^XBB-^xll,, 

since d Di C XiBB^^x^^ . It follows by averaging that there is some x such that 

HG{D,r\xXiBB-^xr^) = 1^,, * K^bb-^xA^) ^ I^G{Di)/K. 

Let A+i ■— Dif] xXiBB~^x~^ . The sequence A clearly has the desired properties and 
DmDm^ C S from which the result follows. □ 

We shall need the following immediate corollary. 

Corollary 13.2. Suppose that G is a finite group and Bq,Bi,B2 are such that Bq^i — 
{Bq, Bi) is a Ci-thick 1 -multiplicative pair, and Bi^2 = (-81,-82) is a C2-thick, 1-closed 1- 
multiplicative pair. Then there is a symmetric neighbourhood of the identity B3 such that 
//gI-Bs) = flci,c2{l^G{B2)) and xB^x'^ C -Bf for all x e Bi. 

It is easy to see that the bounds on Cg ^ inherited from the earlier proof are exponential 

-o(i) -o(i) 
m Ci C2 ■ 

We shall use the above lemma to facilitate the replacement of expressions like g * Hb 
with their conjugates lJ^B*g, and in particular it will be done through the following lemma. 

Lemma 13.3. Suppose that G is a finite group, Bq, Bi, B2, B;^ are symmetric neighbour- 
hoods of the identity such that the pair Ei^2 '■= (-Bi, -B2) is an e-closed 1-multiplicative pair, 
and xB^x~^ C B2 for all x e Bq, f e L°°{ixbi), g G L'^{iibo) n is a probability measure 
with supp/i C S3. Then if 

e ^ WifdnBi) *{9* /^)IU2(^s^)/2V3||/||L«=(^^^)||c/||i^(^^^) 

we have 

Wifd^B,) *{9* /^)||i2( )/2 ^ sup sup * /^(z/)ril5lli2( ). 

u€Bo yeB^^^u 
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Proof. Begin by putting 

hu{y) := J fiz)dii{y-h-^u) = Py-i{f) * n{u), 

and note that 



so that writing 
we have 



hu{y)9{y)diiG{y) ^ f*{9* iJ'){u), 

hu{y)g{y)dnG{y)?dnBAu). 



Now, y e supp/iu imphes u e BiyBs, and hence supp/i^ C BiuB^ C B1B2U. We want 
to estimate a quantity which is quite cumbersome to write down and so we shall have to 
introduce a lot of auxiliary notation. Begin by writing 



and 



h{u) := J hu{y)g{y)dnG{y), 

h{u) := j K{y)g{y)^B-,uiy)df^Giy), 

Di := j \Ii\^diJiBo and Di := j \l2\^diJiBo- 



We want to estimate D := \Di — from above and below. First, unpacking the notation 
one sees that 

D, = * {g * lAWhi,,^) 

from our earlier calculations. To estimate D from below, we shall estimate from above. 
Write 

Q := sup sup \py-i{f) * n{u)\, 
(our eventual quantity of interest) and note that 

D2 < Q'j (^j \g{y)\lj,-^^{y)dpG{y)^ dpB,{u) 

^ J \g{y)\\g{y')\i^G{Bi2y^B^^^y')diiG{y)diiG{y') 

^ I {\g{y)\^ + \g{y')\'')txG{Bl^yr\Bl^y')diJiG{y)diiG{y) 



Now we turn to bounding D from above. We have 

(13.1) ^=1/ -Ihl^dpBol ^ (^j \h-l2?dpB,j (|/i| + |/2|)'rf/iBo) ' 
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by the Cauchy-Schwarz inequality and the triangle inequality. Now, since supp C B1B2U 
we have that 

h{u) = j K{y)g{y)lj^+^Sy)dfiG{y), 

whence 

- /2(n)| ^ \\K\\L°-{fMG)\\9\\L°-{fMG)(^fJ'G{Bi) 

since (-Bi, B2) is an e-closed 1-multiplicative pair. By Young's inequality and the support 
of/ and g we have that 

||/i«IU°°(MG) ^ II/IU°=(mbi) and ||fi'|U°c(/,G) ^ llfl'IU-'(Mso)- 
Inserting this into (113. ip we get that 




= e/iG(5i)||/||L^(M.,)lkllL^(MBo)(2/iG(5i)'(5 + gl(7||i.(^,^)))i/l 
On the other hand 

flames -Q'\\g\\l.^^^ J, 

whence 

s - Q^gWhf^^^^^) ^ e||/llL-(Msi)lklU-(/.flo)-\/2(5 + QlgWh^^^J. 

Now, either we are done, or 
whence 

S - Q'^WaWhif.g^) ^ 4f\\L°°{^,B^)\\g\\Lo-i^^B^)VsS, 
and the result is proved in light of the upper bound on e. □ 

14. Fourier analysis on multiplicative pairs 

In this section we develop Fourier analysis on multiplicative pairs. In particular, we shall 
try to extend as many of the results from §1] to this approximate setting as possible. 

We have previously defined a Haar measure and with this we can formulate the analogue 
of the transform / Lf. Suppose that B = {B,B') is a multiplicative pair and / G 
L^{liB')- We define the operator Lqj as follows: 

Lb J : L'^{^^B) L'^{fXB);v ^ {{fd^s') * v)\b- 

The map is not an algebra homomorphism, although it functions approximately as such, 
but it does preserve adjoints. 

Lemma 14.1. Suppose that G is a finite group, B = {B,B') is a multiplicative pair and 
f e L^{hb')- Then L*qj = Lj^j. 
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Proof. This is simply a calculation. Suppose that v,w E LP'{iib) and note that 
We apply Lemma [4. II to see that 

However, fdfj,B' = fdfiB', whence 

since supp v G B. Since v and w were arbitrary we conclude that ^ = Lj^ j. □ 

We do not have a direct analogue of Parseval's theorem, however we do have an ana- 
logue of Bessel's inequahty (Parseval's theorem polarised and with an inequality instead 
of equality) which is all we shall need for applications. 

The observation that a Bessel-type inequality is often sufficient was made fact by Green 
and Tao in |GT08] where they prove a Bessel inequality relative to Bohr sets in the abelian 
setting. 

Proposition 14.2 (Local Bessel inequality). Suppose that G is a finite group, B = {B,B') 
is a c-thick multiplicative pair and f G L'^{fiB')- Then 

ll-^B,/llEnd(L2(Ms)) ^ ^\\f\\h{^lg,) 

Proof. The left hand side is just the trace of jL^j which is basis invariance, thus for 
any orthonormal basis ei, . . . , of L'^{^b) we have 

n 

ll-^6,/||Ld(L2(^3)) = ^ {L*^jLi3jei,ei)L2(tMB)- 

Now, we choose ei, . . . , e„ judiciously as we did in the proof of Parseval's theorem. For 
each X E B, define the function 



ex(l/) 



otherwise. 



It is easy to see that (e^)^^^ is an orthonormal basis for L'^{iib) and, furthermore, we have 
LBAe.,){y) = f{yx~^)lB{y)\B\"^\B'\-' for all y E B. 

It follows that 

{L*i^jLtsje^,e^)L2(^,B) = ll-^B,/e^-llL2(Ms) ^ ll/llL2(Ms/)l^'r"^ 
whence, on summing, we get the result. □ 

A key property of the operators L j was that they commuted with right translation; this 
is only true approximately when set relative to multiplicative pairs setting. We begin by 
setting some notation for right translation to help make some of our results more suggestive. 
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Suppose that G is a finite group and B is an r-multiplicative pair with ground set B and 
perturbation set B'. We write 

for each y G B'"^ . First we should remark that the maps p^^y are no longer unitary and 
recovering the situation in a useful way is a major part of our work in ^ }T6l For now we 
have the following lemma which says that p^^y is approximately unitary. 

Lemma 14.3 (Approximate unitarity). Suppose that G is a finite group and B = {B, B') 

is an t-closed r-multiplicative pair. Then 

whenever y G B"^ and v G L°°{pb)- 

Proof. We evaluate the expression on the left 

\\pBM\\h{,,B) = ^^1^^ J \vixy)\^lBix)dpGix) 



1 



v{z)\ leizy )dpG{.z). 



\v{z)\HB{zy-^)dpG{z) — / \v{z)\Hb{z)pg{z)\ 



Pg{B) 

The lower bound follows immediately by non-negativity of the integrand. For the upper 
bound just note that 

1 

is then at most 

M\l^{t,B)\\Py~^^PB) - PbW 
by the triangle inequality. The result follows from Lemma [12. II since y~^ G B'"'' = B'^ . □ 

Now we turn to showing that pf^i^y approximately commutes with L^j if B' and B are 
suitably related. The following lemma encodes this fact. 

Lemma 14.4 (Approximate commuting). Suppose that G is a finite group, B = {B,B') 
is a c-thick multiplicative pair, B' = {B, B") is an e' -closed r-multiplicative pair and f G 
L°°{pB')- Then 

\\pB',yLBjv - LisjPB',yv\\l2(^^) = ^(e'c-^ || || / 1| ) 
for all y G B'"' and v e L°°{pb)- 

Proof. We examine the two terms on the left individually. With the first term we have 

pB',yLBjv{x) = — ]— I f{z)v{z~^xy)dpG{z)lB{xy)lB{x). 
Pg{^ ) J 

By change of variables z~^xy = u this gives 

(14.1) pB',yLBjv{x) = J f{xyu'^)v{u)dpB{u)lB{xy)lB{x). 
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On the other hand the second term has 

LBJPB',yV{x) = ^J^^,^ j f{z)v{z-^Xy)lB{z'^x)dHG{z)lB{x). 

Now, make the change of variables u = z~^xy to get 

LBjpB',yv{x) = [ f{xyu'^)v{u)dpy-i{iJ,B){u)lB{x). 



Pg{B') 

However \\py~i{iiB) — Pb\\ ^ e' by Lemma [12.11 since y G B"'' , whence 
\LB,fPB',yv{x) - ^'^fpl [ f{xyu'^)v{u)dfiB{u)lB{x)\ 



Pg{B') 
is at most 

^'c~^\\v\\L^{f.B)\\f\\L^M'^B{x). 

Combining this with (114.11) we get that 

\pB',yLBjvix) - LBJpB',yV{x)\ 

is at most 

* v{xy)\\lB{xy)lB{x) - Ib{x)\ + e'c'ii;||L^(^^)||/||L^(^^,)lB(x). 

Integrating the square of this against d^B and applying the Cauchy-Schwarz inequality we 
see that 

\\pB',yLB,fV - LBJpB',yV\\l2^^^^ 

is at most 

'^ic-^f*v\\l^^^J\pyilB)-lB\\l^,,) + e''c-^^^^^^ 

Furthermore, we trivially have ||/ * ^^||L°°(/iG) ^ II/IU°°(mb/) II^IU°°(A»fl) since supp/ C B' and 
suppf C B, whence 

\\pB',yLBjV - LBJpB',yV\\l-H^^) 

is at most 

2c-1t;||io.(^,)||/||i..(^^,)(||p,(lB) - +e'2). 
It remains to note that 

||P3;(li?) - lB|li2(^,^) = j \lB{xy)lB{x)-lB{x)\^dpB{x) 

\lB{xy) - lB{x)\lB{x)dpG{x) 



1 

Pg{B) 

^ Pg{B) j 1^^*^^^'' ^ Ib{x)Wg{x) 



= \\py{PB) - PbIK e'. 
The result is proved. □ 
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As with Parseval's theorem we do not have an analogue of the inversion formula relative 
to multiplicative pairs. We do, however, have an analogue of Fourier bases. Suppose that 
G is a finite group, B = {B, B') is a multiplicative pair and / G L^{fiB')- We write 



for the singular values of L^j and call an orthonormal basis f i, . . . , f„ of a Fourier 

basis of L'^^hb) for f if 



The following is an immediate consequence of Corollary 13.21 

Proposition 14.5 (Local Fourier bases). Suppose that G is a finite group, B := {B,B') 
is a multiplicative pair and f G L^{iib')- Then there is a Fourier basis of L'^{^b) for f. 

15. The spectrum of convolution operators on multiplicative pairs 

In this section we define the spectrum of a function on a multiplicative pair and develop 
some of the basic facts. To analyse functions on a multiplicative pair in a Fourier theoretic 
spirit we shall analyse the spectrum of the function so it will be a very important structure. 

We begin with the Hausdorff- Young inequality. 

Lemma 15.1 (Hausdorff- Young) . Suppose that G is a finite group, B = {B,B') is a 
multiplicative pair and f G L^{fiB')- Then 



SiiBJ) := Si{Li3j) 



Si{B, f)\'^Vi for alll ^ i ^ n. 




Writing out the first of these terms we get that it is equal to 




By non-negativity of the integrand, the integral is at most 

p p 2 




\\f*^\\h(pay 



Young's inequahty tells us that 



11/11 



whence 



si{B,f)\'^ 



1 



-Jf\\lH,ayf'G{B)=\\f\\l^^^,y 



The result is proved. 



□ 
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In light of the preceeding we make the following definition. Suppose that G is a finite 
group, B = {B,B') is a multiphcative pair and / G L^{fiB')- The 6-spectrum of f is then 
defined to be the space 

SpecsiBJ) := {ve L\^b) : L^jLj^jv = \s,{BJ)\\}. 

Note that the spaces on the right are eigenspaces and hence vector spaces, so the definition 
makes sense, and is a subspace of L'^^hb)- 

Again, when G is abelian and B = (G,G) then the characters 7 for which 1/(7) | ^ 
form a basis for Spec^^B, f) and we are often interested in bounding the number 
of such characters. There is a relatively easy bound sometimes called the Parseval bound 
which follows from Bessel's inequality (or Parseval's theorem). We now prove an analogue 
in our setting. 

Lemma 15.2 (The Parseval bound). Suppose that G is a finite group, B = {B,B') is a 
c-thick multiplicative pair, f G L'^{^b) is not identically zero and 5 G (0, 1] is a parameter. 
Then 

dimSpec,(S,/) ^ c-irl/||-?(^^,J/||i.(^^,). 

Proof. Let fi, . . . ,f„ be a Fourier basis of L'^^hb) for / as afforded by Proposition 114.51 
Writing d for the dimension of Spec5(i3, /), we have 

\si{BJ)\ > whenever i ^ d. 

In view of this 

n n 
i=l 1=1 

The right hand side of this is just the trace of L*^ jL^j which we bound using the Bessel- 
type inequality in Proposition 114. 2j we get 

and the lemma is proved after some rearranging. □ 

In the abelian setting, thanks to the Fourier transform, we are able to take all the vectors 
in a Fourier basis to be characters of the group, and these have the nice property that they 
are bounded in L°°. This need not be true in the more general setting, but we do have the 
following bound. 

Lemma 15.3. Suppose that G is a finite group, B = {B, B') is a c-thick multiplicative 
pair, f G L'^{fiB') o-nd v is a unit eigenvector of L*^ jL^j with non-zero eigenvalue |Ap. 
Then 
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Proof. Since v is an eigenvector of L*^ f^Bj we have that 

{Cfd^^B')*md^^B')*v)\B))\B = \\?v, 

so that 

\M^\HL^i,B) = ^^G{BrXfHU*v)lB)\\L^i,,) 

by a trivial instance of Young's inequahty. By a different instance of Young's inequahty 
we also have 

11/ * ^^||i,-(mg) ^ II/IU2(^g)||?^||l2(^g) 

Inserting this in the previous and noting that ||/||Li(^e) = /iG(-B') II/IUhms') 

result. □ 

A useful corollary of this is that all unit vectors in the large spectrum have well controlled 
L°°-norm. 

Corollary 15.4. Suppose that G is a finite group, B = {B, B') is a c-thick multiplicative 
pair, f G L'^{fiB') is not identically zero and 5 G (0, 1] is a parameter. Then 

for all unit vectors v G Spec5(S, /). 

Proof. Let fi, . . . ,f„ be a Fourier basis of L'^{hb) for / as afforded by Proposition 114.51 
Writing d for the dimension of Spec5(i3, /) we have that fi, . . . , G Spec5(i3, /), and we 
may decompose v G Spec5(i3, /) as 

d d 

V = ^^/ijfj where = 1. 

i=l i=l 

By the triangle inequality we have that 

d 

(15.1) II^IIl-(ms) ^ y]l/^i| sup \\Vi\\Loo(^Pg). 

1=1 

We estimate the left hand term on the right by the Cauchy-Schwarz inequality which shows 
that it is at most ^/d. This may, in turn, be bounded by the Parseval bound from Lemma 
[TO to get that 



We now estimate the right most term in fllS.ip by Lemma 115. 3t 

sup ||i;,||i-(Ps) ^5'^c'^^^\\f\\l^.Jf\\LH,^B')- 



Combining all this gives the result. □ 
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16. Analysis of the large spectrum 

The large spectrum determines the average behaviour of a function. Indeed, given a 
multiphcative pair B = {B, B') and a function / e V-{iJt,B') we should like to find a large 
set B" such that B' — {B, B") is a multiphcative pair and 

Wpb'M - v\\l2^^^^ ^ e|kl|L2(^s) for all v e SpeCs{B,f), 

and then decompose / as 

f ^ f* I^B" + (/-/* fJ-B")- 
In the abclian setting the set B" is just the Bohr set corresponding to the characters in 
Spec^(;B, /), which is large since the spectrum has bounded dimension by the Parseval 
bound. In this section we show that there is a large set B" such that 

SpCCs{B,f) SpeCs{B,f)]V ^ PB',y{v)\specs{B,f) 

is close to a representation in a certain sense, and then this can be combined with the 
theory of non-abelian Bohr sets from the next section to get our desired decomposition. 

The above is just a sketch and we now turn to the business of realising a version of it. 
To state our results we shall find it useful to have one extra piece of notation: given a set 
B and a function / e L^{iib), it will be useful to define the width of / to be 

w{f) := ||/IUK..)ll/IIZi(,,)- 

This is just a notational convenience, but to help intuition, think of the case when / is an 
indicator function. Then w{f) is just the density of its support. 

We begin by showing that the whole large spectrum is almost closed under translation 
by elements in a sufficiently small ball. 

Lemma 16.1. Suppose that G is a finite group, B = {B.B') is a c-thick multiplicative 
pair, B' = {B,B") is an e'-closed r -multiplicative pair, f G L^{hb') is not identically zero, 
and S,r] ^ (0, 1] are parameters. Then 

d{ps,yv, Specs^^iB, f)f = 0(6'r««c-««r^W^(/)-^(^)||^||i.(,^)) 

for all V G Specg{B, /) and y G B"^ . 

We remind the reader that if is a finite dimensional Hilbert space, V ^ H and v & H 
then 

d{v,V) = M{\\v-v'\\ : v' G V}. 
Before proving this lemma we establish the result for eigenvectors. 

Lemma 16.2. Suppose that G is a finite group, B = {B, B') is a c-thick multiplicative 
pair, B' = {B,B") is an e'-closed r -multiplicative pair, f G L^{hb') is not identically zero, 
V G SpeCg{B, f) is a unit eigenvector of ^L^j and < rj ^ 5 ^ 1 are parameters. Then 

for all y G B'"' . 
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Proof. Since j = j we may apply Lemma 114.41 to get that 



Of course ||/|U-(^3,) = \\f\\L^(^,^,) and 

||^e,/f|U-{/.s) = \\{ifd^B')*v)lB\\L^i^,G) ^ ll/IUH/^s')II^IU°°(/^fl) 
by Young's inequality, whence 

(16.1) \\pB>.yLl fLBjV - L*isjpB',yLBjv\\l2^^^) 

is at most 

0(6'c-lt;||i.(,^)||/||i.(^^J|/||i.(,^,)). 
On the other hand, by the Hausdorff- Young bound (Lemma 115.11) we have that 

\\L*BjPB,yLBjV - L*^jLl3jPB,yV\\l2^^g) 

is at most 

\\f\\lHf^s,)-\\pl3,yLBjV - LBjPB,yV\\l2^^^y 

We estimate the second of these terms by Lemma 114.41 to get that 

\\L*BjPB,yLBjV - L*^jLBjPB,yV\\\2^^j^) 

is at most 

o(6'c-2ll^lli^(,,)ll/lli.(M.JI/ili-(M.o)- 

Combining this with the upper bound for (116. ip by the triangle inequality it follows that 

\\PB',yL*BjLBjV - L*^jLBJpB',yV\\l2(^^g) 

is at most 

0(e'c-^||.;||i.(,,)||/||i.(,^,)||/||i.(,^,)). 
Now, LqjLbjv = |Apf for some A with |A| ^ ^||/||Li(fia,) > 0, whence 

\\\\\^PB',yV - L*sjLBjpB',yv\\l2^^^) = 0(e'c"lt;||i^(^^)||/||ii(^^)||/||i^(^^,)). 
Apply Lemma [15.31 to bound H'w ||L°°(^ts) from above so that 

\\\M'^PB',yV - LBjLBJpB',yV\\l2(^^^) 

is at most 

0(6'c-^|A|-i/||i.(,^,)||/||^(,^,)||/||i.(,^,)). 

Since 

WfWhM ^ \\f\\LH,,,)\\f\\L-M and |A| ^ 6\\fhH,„) 
we can simplify this to give 

^PB',yV - L*i^,fLBjPB',yv\\l2(^^^) = 0(e'c"^5-^w(/)||/||i^(^^,)). 
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Now, let f 1, . . . , f „ be a Fourier basis of L'^{iib) for / - such a basis is afforded by Propo- 
sition [T331 Decompose 

n 
1=1 

and insert this into the previous bound to get that 

n 

\^^^\^\M' - \s^{B, f)\'r = o{e'c-'6-Mmf\\ 

i=l 

Thus, if \s,{B,f)\ ^ (5-r7)||/|Ui(,.„) then 

\ X2„2|| ^1 

iLi(Mfl') 



(|A|2-|A,|2)2^5V 



It foUows that 

On the other hand Vi G Spec^_^(i3, /) for all i with \si{B, /)| ^ (5 — v)\\f\\L'^{f^B,) whence 
and so 

and we have the result. □ 

The proof of our desired lemma is now a straightforward corollary. 

Proof of Lemma Yl6.1\ Let fi, . . . , fri be a Fourier basis of L'^{fiB) for /. We may rescale 
V so that it is a unit vector and writing d for the dimension of Spec5(S, /) we there are 
complex numbers fii, . . . , fid such that 



^/XjWj and = 1. 



d 

V 

i=l i=l 

By the triangle inequality we have that 

d 



d{pB',yV,Specs_^{BJ)y ^ (X^l/^il)^ sup d{pB,^yVi,Specs_r,{l3J)f 



1=1 



On the other hand the first term on the right is at most d by the Cauchy-Schwarz inequality 
and we can bound this by the Parseval bound in Lemma 115.21 

The second term is bounded by the preceeding lemma and we get the result. □ 
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We know from Lemma [14.31 that the maps pjs'^y have \\pB,yv\\L^{fj.g) close to ||i;||i2(^^), 
however they are not necessarily endomorphisms. The preceeding lemma shows that they 
are close to almost endomorphisms of Spec^(i3, /), and we can now apply the pigeonhole 
principle to see that there is a point when they are close to actual endomorphisms. 

Lemma 16.3. Suppose that G is a finite group, B = {B, B') is a c-thick multiplicative 
pair, f G L^{fiB') is not identically zero, and 6 G (0, 1] is a parameter. Then there is some 
6' G {6/2, 6] and an r] e (0, 1] with 

such that 

Specs>{B, /) = Specs>^^{BJ). 
Proof. By the Parseval bound in Lemma 115.21 we have that 

dimSpec,/2(/) ^ k := L4rVi/||^?(^^,)||/||i.(^^,)J . 
Consider the sequence of k + 2 spaces 

Spec5(i3, /) ^ Spec^ 

^ SpeC5_25/(2fc+2)(^,/) 
^ ... 

Since SpGCs_(^k+i)5 / {2k+2){^ ^ f) = Spec5/2('B, /) has dimension at most k it follows that some 
two of the spaces in the sequence must have the same dimension and hence be equal. 
The fact that ||/||i2(^^,) ^ II/IUhmsO II/IU°°(mb') completes the lemma. □ 

The next lemma combines our work so far to give us a ball of almost unitary endomor- 
phisms. 

Lemma 16.4. Suppose that G is a finite group, B = {B, B') is a c-thick multiplicative 
pair, f G L^{fiB') is not identically zero, and S G (0, 1] is a parameter. Then there is some 
6' G [6/2,6] such that if B' = {B,B") is an e' -closed r -multiplicative pair, then 

for all V G Spec^, (^B, /) and y G B"^' . 

Proof. Apply the previous lemma to get 6' and an t], and then Lemma [16. II to complete. □ 

We make two new definitions which will be convenient. Let Csn > be some absolute 
constant such that one has the bound 

d{ps,,yV,SpecAB,f)y < e'{26-'c-MfrY'Hvrm,,) 

in Lemma [16.41 
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Now, suppose that G is a finite group, B = {B, B') is a c-thick multiphcative pair and 
/ G L^{^B') is not identically zero. We say that 6 is regular for {B, /) if for every e'-closed 
r-multiplicative pair B' = {B, B") we have 

d{ps>, yv, Spec ABjir ^ ^'{26-'c-MfrT'nv\\U,,) 

for all V G Specg{B, f) and y G 5'"". Lemma [16.41 guarantees a plentiful supply of regular 
values. 

Furthermore, for each y G G we define the map 

where nspecgiBj) denotes the usual orthogonal projection of L'^^hb) onto the subspace 
Spec5(^,/). 

If 5 is regular for /) then it turns out that the map y (-)■ TQj^s,y is approximately a 
homomorphism - the next lemma makes this precise. 

Lemma 16.5. Suppose that G is a finite group, B = {B,B') is a c-thick multiplicative 
pair, f G L^{fiB') is not identically zero, and 6 G (0, 1] is regular for {B, /). Then for every 
e'-closed r-multiplicative pair B" = {B, B") we have 

for all z, y, yz G B'"' , and Tbj,5,1g = hpecgiBj), the identity on Spec5(-B, /). 
Proof. Note that if t> G Spec5(S, /) is a unit vector, and z G -B'"' then 



PzV - pB',zV\\L'^{tJiG) = j \v{xz) - v{xz)Ib{x)\ d^lG{x) 

\v{xz)\^\1b{xz) — lB{x)\diJiG{x) 

^ \Ml^ (^b)^' pg{b) 

by Lemma 112.11 since B' = {B, B") is an e'-closed r-multiplicative pair. We estimate 
via Corollary [153] and the fact that ||/||i2(^^,) ^ get 

that 

ll^llLo.(,,) = o(r««c-««t.(/)-««). 

Inserting this in the previous we get that 

Wpzv - PB',zv\\hi,a) = o(e'r«(^)c-««t.(/)-°( 

Moreover, since 6 is regular 

\\PB',zV -TBj,S,zV\\h{,,G) = \\PB',zV -TBj,s,zV\\h{t,B)PG{B) 

= d{pB',zV,SpecsiB, f)ffiGiB) 

= 0(e'r°«c-'^(i)u7(/)-'^(iVG(i?)). 
It follows from the triangle inequality that 

(16.2) Wp^v - T,j,s,zv\\lH,a) = 0(6'r««c-««^(/)-^(i)/.c(i?)), 



QUANTITATIVE VERSION OF NON-ABELIAN IDEMPOTENT THEOREM 55 

whenever z G B"'^ and v G Spec^(S, /) is a unit vector. In particular we also have 

(16.3) \\p,v - T^,,M.^||i.(,^) = 0(e'r^(i)c-«W|.(/)-«W/iG(i?)) 
whenever y G 5'"" and v G Spec5(i3, /) is a unit vector, and 

(16.4) \\p,^v - Ts,M..^||i.(,,) = 0(e'r«(^)c-«(i)«;(/)-«(i)^G(5)), 

whenever G 5"^' and v G Spec5(i3, /) is a unit vector. 

Now, the map py is unitary and pyz = PyPz, so (116. 2p gives that 

= 0(e'rO«c-o««;(/)-«(iVG(5)). 
Thus by the triangle inequality and (116.41) we have that 

On the other hand applying (116.31) to the vector T^j^s^zV appropriately rescaled we get that 

\\PyTBj,5,zV - Ttsj,s,yTtsj,s,zv\\Wa) = 0{e' d'""^^^ c"''^'^ w{f)-''^^^ pciB)). 

since ||T0j^5^2t>||i2(^^) ^ ||t>||j;^2(^^). Finally the first conclusion of the lemma follows from 
the triangle inequality. The second conclusion is immediate. □ 

The maps Tgj ,5 ^ can also be well approximated by unitary maps, as the following lemma 
confirms. To prove this we use a general operator theoretic result which says that if a map 
M G End(if) has ||Mf H^:/ 1 for all unit vectors v & H, then it is close to a unitary map. 

Lemma 16.6. Suppose that H is a d- dimensional complex Hilbert space, M : H ^ H and 
e G (0, 1) is a parameter such that 

I ||Mf IIj:/ — 1| ^ e for all unit v E H. 

Then there is a unitary matrix U such that \\M — U\\ ^ e. 

Proof. Let Vi, . . . ,Vd be an ortho normal basis of the type afforded by Corollary 13. 2^ and 
note that 

\\Mv,\\\ = {Mv„Mv,)h = {M*Mv,,v,)h = k,(M)|2. 

It follows from the hypothesis that |sj(M) — 1| ^ e < 1 for all i. In particular Sj(M) > 
for all i, whence we can define U on the basis by Uvi := Mvi/si{M), extending to H by 
linearity. 

First we check that 

\\Mvi - UviWl = {Mvi, Mvi)H + {Uvi, Uvi)H - 2^{Mv,, Uvi)H. 

By construction of U it follows that 

\\Mvi - UviWl = (|s.(M)p + 1 - 2\si{M)\) < e\ 

Since f 1, . . . , is an ortho normal basis for H it follows that IIM — ^ e as claimed. 
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To complete the lemma we check that U is unitary. Again it suffices to check this on 
the basis: 



\s,{M)\\s,{Mr \sAM)\ 
This quantity is 1 is i = j and otherwise. It follows that U is unitary and we are done. □ 

Lemma 16.7. Suppose that G is a finite group, B = {B,B') is a c-thick multiplicative 
pair, f G L^{^b') is not identically zero, and 6 is regular for {B,f). Then for every 
e' -closed r -multiplicative pair B' = {B,B"), and every y G B"^ there is a unitary map 
Uy G f/(Spec^(i3, /)) such that 

WTbjAv - Uyf = 0(e'r««c-««.^(/)-««). 
Proof. Suppose that v G Spec5(;B, /) is a unit vector. By Lemma [14.31 we have that 



\\\PB,ynLHf.s) - ^1 ^ e \\VU^^^^) 

whenever y G B"^. Now, by Corollary 115.41 we have that 

On the other hand, by regularity of 6 we have 

\\pB,yV - T,j,,yv\\l^^^^ = 0(e'r««c-^«^(/)-««), 

whence 

\\\TBj,s,yv\\h,,^, - 1| = 0(e'r«(^)c-««^(/)-«(^)). 
The conclusion follows from Lemma [16.61 □ 



17. Bohr sets and balls in unitary groups 

In this section we develop some basic size estimates for non-abelian Bohr sets. We begin 
by recalling the traditional abelian definition of a Bohr set: suppose that G is a finite 
abelian group, F = {71, . . . , 7^} is a set of homomorphisms G — )■ S^, and 6 G (0, 2]. Then 
the Bohr set with frequency set T and width 6 is 

Bohr(r,(5) := {x G G : |7i(x) - 1| ^ 5 for all 1 ^ i ^ rf}. 

There is, of course, an ever so slightly different (and more common) definition where we 
ask that | arg7j(a;)| ^ 6 instead of |7i(x) — 1| ^ (5, but since the 7jS are locally linear this 
difference plays no material role. 

Now we shall present an equivalent definition which generalises to the non-abelian setting 
more easily. 

Lemma 17.1 (Alternative definition of Bohr sets). Suppose that G is a finite abelian 
group, H is a d-dimensional Hilbert space and 6 G (0,2]. Then 
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(i) given a set T := {71, . . . , '-f^} of homomorphisms G — t- 5*^, there is a homomorphism 
•y : G ^ U {H) such that 

Bohr(r, 5) = {xeG: ||7(x) - /|| ^ 5}- 

(ii) and conversely given a homomorphism : G ^ U {H) we get a set T = {71, . . . , 7^} 
of homomorphisms G ^ such that 

Bohr(r, 6) = {xeG: \\y{x) - I\\ ^ 6}. 

Proof. Both parts are easy, but the first perhaps shghtly more so. Begin by letting vi, . . . ,Vii 
be an orthonormal basis of H and define a map 7 : G — > U{H) by 

d d 

X 7(0;) : H ^ fiiVi ^-^ ^ fiai{x)vi. 

i=i i=i 

It is easy to check that this is a well-defined homomorphism, and we also see that 

||7(x) — /|| ^5 if and only if \'ji{x) — 1\ ^ 6 for all 1 ^ i ^ (i. 

The first part then follows immediately. 

On the other hand given a homomorphism 7 : G — )■ U{H) we construct a frequency set 
as follows. Since G is abelian, 7(G) is abelian, and x G G iff x~^ G G whence 7(G) is an 
adjoint closed commuting set of operators. It follows from the spectral theorem that there 
is an orthonormal basiswi, . . . ,Vd simultaneously diagonalizing all of 7(G). Let 

: G S^;x ^ {-f{x)vi,Vi). 

It is easy to see that all the 7^ are well-defined homomorphisms and that 

||7(x) — /|| ^ 5 if and only if \'ji{x) — 1\ ^ 6 for all 1 ^ i ^ d, 

from which the result follows immediately on setting F := {71, . . . , 7^}. □ 

In light of the above lemma we make the following definitions. Suppose that if is a 
(i-dimensional Hilbert space and 6 G (0,2]. Then we write 

B{U{H), 6) := {M G U{H) : ||M - /|| ^ 5} 

which is the usual 5-ball around the identity. Now, suppose that G is a finite (not necessarily 
abelian) group and 7 : G — ?■ f/ (H) is a homomorphism, then we write 

Bohr(7,(5) := {x G G : 7(x) G B{U{H),6)}. 

In the abelian setting there is a very useful pigeonhole argument which gives an estimate 
for the size of a Bohr set by pulling back an estimate for the size of balls in {S^Y- 

Lemma 17.2 (Size of abelian Bohr sets, [TV0 6i Lemma 4.19]). Suppose that G is a finite 
abelian group, T = {71, . . . , 7^} is a set of homomorphisms G — )■ S^, and S G (0, 2] . Then 

/iG(Bohr(r,5)) ^ Q{6y. 
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We should remark that technically the lemma in |TV06j is for the more common defini- 
tion of Bohr set but it is easy to pass between the two by replacing 6 with some quantity 
of size 

The is an analogue of the previous lemma in the non-abelian setting. 

Lemma 17.3 (Size of non-abelian Bohr sets). Suppose that G is a finite group, H is a 
d- dimensional Hilbert space, 7 : G — )■ U{H) is a homomorphism and 5 G (0, 2] . Then 

/iG(Bohr(7,5)) 

This can be easily proved using the usual volume argument for unitary balls see, for 
example, the proof of |Gow98t Theorem 4.7]. Write [Jiu(H) for the unique left and right 
invariant probability measure on U{H) - consult |Wey39 IHalSO] or |Meh04] for a proof 
that such exists. 

Lemma 17.4 (Size of unitary balls). Suppose that H is a d- dimensional Hilbert space and 
6 G (0,2]. Then 

^uiH){B{UiH),5))^n{5f. 

We could prove Lemma 117.31 directly now, but in fact we shall need the following more 
robust version which immediately yields the lemma as a corollary. The proof method is 
the same as for |TV06t Lemma 4.19], namely a covering argument. 

Lemma 17.5. Suppose thatG is a finite group, H is a d- dimensional Hilbert space, B G G, 
(f) : B ^ U{H) is a map and 6 G (0, 2] is a parameter. Then there is a subset B' G B with 
fiB{B') ^ Vl{6Y^ such that 

{x)-^(j){x') -I\\^6 for all x,x' G B'. 



Proof. Consider the following average 

lB([/(//),5/2)Ar-i {(t){xy'^)dnu{H){,N) 



x&B 

which is equal to 

/ ^<t>{x)B{U{H),5/2){N)d^,u{H){N) 



xeB 

since integration is linear. However the measure ^uiH) is left invariant so 



U{-)B{U{H),5/2)iN)dfIu{H){N) = ^lu(H){<P{x)B{U{H),5/2)) 

= ^iu(H)iB{UiH),6/2))^ni5f 

by Lemma 117. 4[ whence 

'^B{U{H),5/2).N'i i<f)ix)-')dftuiH)iN)^ni5f\B\. 



x€B 
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It follows by averaging that there is some N E U {H) such that 

J2lBmH),S/2).N'^{4>{x)-') ^ Q{6f\B\. 

xeB 

However, B{U{H), 6/2)-^ = B{U{H),6/2) whence 

xeB 

Now, letting B' := {x e G : G NB{U{H), 6/2)} and we see that 

\B'\ ^ n{6f\B\. 

Finally if x,x' G B' then there are operators M,M' G B{U{H),6/2) such that (f){x) = 
NM~^ and = NM'. (The asymmetry is possible since B{U{H),6/2) is symmetric.) 
Then 

\\(l){x)-^(f){x') - 1\\ = ||AfAf'-/|| 

^ ||(M-/)Af'|| + ||M'-/|| 
= ||M-/|| + ||M'-/|| ^ 6 

by the triangle inequality and unitarity of M'. The result follows. □ 

18. From large multiplicative energy to correlation with a 

multiplicative pair 

In this section we shall prove a result which lets us pass from large multiplicative energy 
to correlation with a multiplicative pair. This can be seen as a sort of weak asymmetric 
non-abelian Bogoliouboff theorem relative to multiplicative pairs (c./. |Bog39| ). 

Proposition 18.1. Suppose that G is a finite group, Bq, Bi, B2, B^ are sets such that 
Bij = {Bi,Bj) is a cj-thick, ej-closed vj -multiplicative pair for each i < j , f E L^{^b2) 
and g G L^(/iBi), identically zero, are such that 

and ?7 G (0, 1] is a parameter. Then there is an absolute constant Ceog > such that if 

rg ^ 32, eg ^ I — ) and eg ^ ,, ,,4 , 

then there is a positive real c = 0,,^j,^ci,c2,c3(/^g(-Bi)) and some c-thick, rj-closed and 4- 
multiplicative pairs Bq^iq = {Bq,Biq) and -Bio,ii = (-B107-B11) such that Bg C -Bf and 

sup \f*'il^,* f^B9{x)\ = 1](v^||/||l-(^5^)). 
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It may be useful at a first reading to think of the special case of Bq — Bi — B2 — B^ — G, 
when we see that / (which may be signed) correlates with a product set with small doubling. 

Our argument is inspired by Bogolioiiboff 's result (popularised by Ruzsa |Ruz94] ) al- 
though the details are rather different. The energy hypothesis implies that the large spec- 
trum supports a large chunk of the mass of /, and then combine the work in ^ IT6^[T71 to 
find a suitable multiplicative pair to project onto, leading to the correlation. 

The first result draws draws together the work of ^ IT6] - it may be worth recalling the 
definition of regular for {B, /) from that section - and ^ ITTl 



Lemma 18.2. Suppose that G is a finite group, B = {B, B') is a c-thick multiplicative pair, 
f G L^{fiB') is not identically zero, 6 is regular for {B,f), and r] G (0,1] is a parameter. 
Then there is an absolute constant C > such that if 

t' ^ {v6cwif)/2f 

and B' = [B, B") is a c' -thick, e' -closed 32-multiplicative pair, then there is a symmetric 
neighbourhood of the identity B'" with 

and such that for any probability measure fi with supp fi C B'"^^ we have 

\\{v * fx)\B - V\\l2^^^) ^ V^\\v\\l2^^^) 

for all V G Specg{B, /). 

Proof. Let be an absolute constant such that 

WTbjavz - TBj,5,yTBj,5,zf < e' (26-' c-'wif)-'f^^ 
holds in the conclusion of Lemma 116.51 and similarly C be a constant such that 

\\Ttsj,s,y-Uyf^e'{26-'c-'w{f)-Y 
holds in the conclusion of Lemma 116.71 Put 

C:=8 + max{C57^,C^«,C"}. 
Write d for dimSpec^(i3, /) and recall from the Parseval bound that 

since ||/|li2(^^,) ^ WfhHi^^Jfh^M. 

Consider the map B" — )■ U{Spec^{B, f)) such that y Uy, given by Lemma [16.71 By 
Lemma 117.51 there is a set Bi C B" with 

such that 

(18.1) \\Uy^U, - I\\ ^ ri/256 for all y,ze B^. 

Given the size of e'. Lemma [16.51 tells us that if y, z,yz G B"^^ then 

,f,S,yz 



QUANTITATIVE VERSION OF NON-ABELIAN IDEMPOTENT THEOREM 61 

Moreover, 

whenever z G B"^"^ by Lemma 114.31 and the fact that projections have operator norm at 
most 1. Now, if M G [B^^Bt^^'^ then there are elements . . . , yig, 2:1, . . . , G B^ such 
that 

u = y^^zi . ..y^QZiQ. 

Combining the preceding bounds on the operator norm using the triangle inequality (by 
the telescoping sum method) we get that 

On the other hand by Lemma 116.71 we have 

(18.2) \\Tbj,5,.-Uz\\ ^^256 

for all z E Bi. Again by the triangle inequality we get that 

Now, by Lemma [16.51 we have 

\\TBj,&,y-^'^Bj,5,y - I\\ ^ ?7/256 

for all y E Bi. Combining this with (118.21) (and using the fact that the operators Uy are 
unitary) we get that 

\\Uy^ - Uy-i\\ ^ 3ri /256 
for all y E Bi. Hence the triangle inequality again gives 

\\Tbj,5,u - u-^'Uz, . . . u;^lUzJ\ ^ 7v/16 
On the other hand we may now use (118.11) coupled with the triangle inequality to get that 

\\Tbj,5,u - I\\ ^ ^?/2. 
Now, since 6 is regular and e' is small by design, we have 

\\Pb',uV - Tb,/a«^IU2(ms) ^ ^7/2, 
for all unit vectors v G Spec^(i3, /), whence 

\\Pb',uV -v\\L2(f,g) ^ r] 

for all unit vectors v G Spec^(i3, /). 

It remains to put B'" := B^^Bi and note that if is a probability measure with supp fi C 
then 

|2 _ II / ^ /'„,^^,, „,ii2 



since u G B'"^^ if and only if m G B'" . The result is proved. □ 
Now we are in a position to prove the main result of this section. 
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Proof of Proposition \18.1[ First we note that 



2 



fJ'G{B2) 



\2 11^ \\L^fiG)\\9\\L2(pG)^ 

by positivity and Young's inequality. It follows that 
and so given the lower bound of 

we conclude that u'(/) ^ ^Jv since g is not identically zero. 

Let Ui, . . . be a Fourier basis of L'^{fiBi) / provided by Proposition 114.51 We 
have that 



i=l 



However, the left hand side is at least uW fWir^,. xWaWi-,/.. \ and, of course. 



n 
i=l 

It follows from this and the triangle inequality that 

(18.3) Yl k^(^i.2,/)n(^?,^.)L^(^.,)l'^ ll(/^/iijJ*^?lli2(^,^)/2 

i:Vi€Specg{Bi,2,f) 

for any 6 ^ a/z//2. Pick a 5 G (a/z//4, regular for (i3i_2, /) (possible by Lemma [16.41) . 

Note by the Parseval bound (Lemma 115.21) that 

(18.4) dimSpec,(Si,2,/) ^ C2-^r2||/||-f(^^^)||/||i.(^^^) ^ IGc^" V'^/^ 
siiiCG 

ii/ii.H...)ii/iiW..)^M/)-^^--^/^- 

Apply Lemma 118.21 to / and Bi^2, with parameter r]' := i/^/^C2/64 (this determines the 
necessary value of Ceog and entails the requirement that ^ 32) to get -B4, a symmetric 
neighbourhood of the identity with 

5f C Bl and /iG(54) = fi,,e,,c3(/iG(5i)) 

and such that for any probability measure yU with supp fx C Bl^ we have 
(18-5) Uv * fi)\B, - ^ v'hWh^^^) 

for all V G Spec5(i3, /). We should like to apply Corollary 113.21 to the sets -81,-84; we 
can on noting that the pair {Bi, B4) is certainly an f2j,^c2,c3(l)-thick 1-closed 1-multiplicative 
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pair since ^ 4 and €3 ^ 1. It follows there is a symmetric neighbourhood of the identity 
i?5 such that 

and 

xB^x'^ C -B4 for all x e Bi. 
Specifically B^ G B^ G B^'^ G Bi whence (from the lower bound on the size of B^) 
it has doubling Oiy a C2 csi^)- We now apply Proposition 110.11 to get a positive real c = 
Or,, i/,ci, £2,03(1) and sets Bq, Bi, Bs such that Bq G -B| and Bqj and Bj^s are c-thick, 7]-closed 
4-multiplicative pairs and 

Bq G fig and HaiBe) = n^^ci,c2,c3il^G{Bi)). 

In view of this 

xB^x-^ G xBlx-^ G Bf G BI G B2 for all x G Bi 
since ^ 2. Since B^ G B\ we may leverage fllS.Sp as follows: 

\{9,Vi*JI^^* ^lB>,)L^{^,B^)- {g,Vi)L\^,B^)\ ^ \\9\\L'^{f.B^)Tl\ 

and hence 

\\{9.Vi*J^^* ^lB^)L■^i^^,B,)? - \{9.Vi)L■^(^^,B,)?\ ^ ^9\\l^{^,B^)V' 
by the triangle inequality. Inserting this in (118. 3p and using the bound (118. 4p and the 
definition of r/', we get that 

5^ |Si(i3i,2,/)n(c/,t;i*/i^*/ii36)L2(^^j|2 ^ ||(/c?/iBj *^||i2(^.^j/4. 

i;i;iGSpec^(Bi,2,/) 

This rearranges to give 

5^ |Si(Sl,2,/)n(^*/iB^*/ii?6>^i)L2(;.BjP ^ ll(/f^/^B2) *^lli2(^3j/4. 

j:i)iGSpec^(Bi,2,/) 

By positivity and the definition of the basis (fi)"=i we conclude that 

\\{fd^lB2) * {{9 ^^B,)W)\\h(^.B,) ^ \\Ud^B2)*9\\l^^,B,)l^■ 

Now supp (7 * JiB^ * fiBfi C -B1-B3 C B1B2 since ra ^ 4 whence by Lemma [12.31 we have that 

is at most 

\\ifdfiB2)* gWl^i^B,)/^ 

in view of the second upper bound on €2- We conclude that 

IK/rf/iijJ * (^*/7^*/iBj||i2(^^) ^ \\{fd^iB2) * 9\\l2(^,^^)/8 

and it remains to apply Lemma [13.31 with the sets Bi, B2, -B3, -B| which can be done since 
-B| C -B| so (i?2,-B|) is a 1-closed ea-multiplicative pair and 

es ^ \^\\9\\LH^^B,)/^^\\9\\L^{,.B,) 

< \\{fdf^B2) * {9 *J^e* ^^Be)\\L^^,G)/'^^\\f\\L^{t^B2)\\9\\L^{,lB,)■ 
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Doing this tells us that 

sup sup |Pj;-i(/) */XB6(a;)P = 

It remains to pick y E Bi and x G -8^3 such that the supremum is attained and set 
Bg := yBgy^^, Biq := yB-jy~^ and Bn := yBg,y~^ and we have our multiplicative pairs. 
Now, note that 

Py-^if) f^Beix) = f *JISs* PBgi^y'^), 

and the result is proved. □ 

It is fairly easy to see that the bound on is a bounded tower of exponentials in 
1]^^, u~^, Ci^, c^^ and cj^. With more effort it can be pinned down more precisely. 

19. The spectrum of multiplicative pairs 

As well as having good behaviour in physical space, we should also like multiplicative 
pairs to have good spectral behaviour. There are various results of this flavour in the 
abelian setting {^e.g. |GK09l Lemma 3.6]) which characterise the characters at which /Tg 
is large. In the non-abelian setting we are given a basis to work with respect to, and this 
does not necessarily diagonalise the operator L*^L^g. 

We have the following lemma which is fit for purpose. It shows how correlation with a 
multiplicative pair corresponds to spectral mass in the dual object, in this case the set of 
basis vectors which are large under convolution with the ground set of the multiplicative 
pair. The result can be used without loss in place of the usual abelian arguments for 
collecting spectral mass. 

Lemma 19.1. Suppose that G is a finite group, f G A{G) has \\f\\A{G) ^ M, and B = 
{B, B') is an e-closed 1-multiplicative pair, vi, . . . ,vn is a Fourier basis of L'^^hg) for f 
and 

11/ * {JlB * ^1b) - f * {PB' * /ii?')IU-(MG) > ^■ 

Then 

N N 
i=l i=l 

Proof. Let x' G G be such that the L°°(yUG)-norm is attained, i.e. such that 

\U * iPB * Pb) - f * (aTb' * Hb')){.x')\ 
is maximal, and note that the term inside the mod signs is equal to 
(19.1) g{x') := * yUs - /Tb' * fiB'){x'). 

We now recall the proof of Lemma 15. 3[ As usual since vi, . . . ,vn is a Fourier basis of 
L'^^Hg) for /, so is Pyiyi), . . . , Pyivjq) for all y E G. Thus we may write 

N 

9{x') = ^ (/Ub * /^S - /Wb' * PB',PyVi)L2(f,a)LfPyVi{x'). 
i=l 
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On the other hand LfPyVi{x') — LfVi{x'y) since left convolution commutes with right 
translation, whence 

N 
i=l 

However, 

Of course the first term is self- adjoint, whence 

TV 

\9{x')\ < * Pb - fiB' * Pb') * Vi{y)\\LfVi{x'y)\. 

i=l 

Now integrate y against /iq and apply the Cauchy-Schwarz inequality term-wise so that 

N 

^ ^ \g{x')\ ^ ^\Si{f)\\\{Jli * Pb - fj^' * PB') * Vi\\Li^^^^, 
i=l 

since ||-^^/'yi||L2(/iG) = \si{f)\ for all i e {1, . . . , N}. Finally we apply Cauchy-Schwarz to 
this to get that 

^ \ ^M)\\\i^^*^^B- fiB'*PB')*Vi\\l2^^^A [^\si{f)\ 



which rearranges by the explicit formula for A{G) to give 



TV 



;i9-2) ^ \si{f)\\\{iJB *Pb- PB' * PB') * ViWl^^^^y 



1=1 



To estimate the summands on the right we expand them: 

(19-3) \\{ilB *PB- ftB'* PB>) * ^'i||L2(MG) 

is equal to 

WJjB * PB * Vi\\\2^^^^ + WPB' * PB' *Vi\\\2^^^) 

The first two terms can be simplified by Young's inequality so that 



and 



\HB *PB* ViWl^^^^) ^ Wpb * Vi\\l2(^Q) 



\HB' * PB' * ^'i|lL2(MG) ^ 11/^^' * '"i\\L^{^lG)■ 



The inner product is dealt with slightly differently: recall that B is an e-closed and 1- 
multiplicative pair so 

I (/is * //B * Vi, jl^f * Hb' * Vi)L^ixG) - {fJ^*fJ'B* Vi, Vi)L^na)\ 
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is at most 

by Lemma [12.11 since * 'yj||i°°{AiG) ^ ll'^*llL2(/iG) Young's inequality. It follows that 
(119. 3p is at most 

which in turn is equal to 

Inserting this into (119. 2p we conclude that 

N 
i=l 

by the explicit formula for A{G). The result follows. □ 

20. Quantitative continuity of functions in A{G) 

We showed in ^that the L°°{^g) norm is dominated by the A(G')-norm and, indeed, it 
is relatively easy to show in the infinitary setting that if / G A{G) then f = g almost ev- 
erywhere for some continuous function g. In this section we make this notion quantitative. 

Our main result is the following. 

Proposition 20.1 (Quantitative continuity in A{G)). Suppose that G is a finite group, 
f G L^^Hg) has ||/||a(g) ^ ^ is symmetric and fici^'^) ^ KfidA) and v G (0,1] is 
a parameter. Then there are symmetric neighbourhoods of the identity B' C B C A"^ such 
that ficiB') = ^lK,u,Mif^G{A)), 

x&G 

and 

sup 11/ - / * /iB * /ii?||L2(M,s,) ^ ^■ 

There is an analogous result in |GS08l Proposition 5.1], and the inspiration for that 
proof came, in turn, from the idea of relativizing the main argument in |GK09] . In this 
paper the argument is rather different because we have a weaker structure to which we 
need to relativize and the non-abelian Fourier transform is not equal to the task. 

The proposition will be proved by iterating the next result which is a dichotomy between 
good average behaviour and correlation with a structured sub-object - a type of dichotomy 
frequently found in additive combinatorics. 

Proposition 20.2 (Proposition 121.11) . Suppose that G is a finite group, f G A{G) has 
||/IU(G) ^ M, A is symmetric and ficiA'^) ^ K^g{A) and v^rj & (0,1] are parameters. 
Then either 
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(i) there are symmetric neighbourhoods of the identity B' G B G such that 



and 



sup \\f*^B*l^B-f*^B* ^ U 



sup \\f - f*fiB* f^Bh^imu^g,) ^ l^- 



(ii) or there are symmetric neighbourhoods of the identity B" G B' G B G A'^ such 
that Hg{B") = nKM,r^,M{^iG{A)), B' := {B,B') and B" := {B',B") are r]-closed 
A- multiplicative pairs and 

\\f *flB* ^iB - f * f^B' * /UB'|U°°(mg) = ^^/(l)- 



The main meat of the argument is the proof of the above proposition. We include the 
proof of the reduction to this statement now, setting the stage for the work of the next 
section where we estabhsh the above. 

The idea of the proof is to use Proposition 120.21 to repeatedly provide an increase in 
spectral mass. This process must terminate since the algebra norm is bounded, so we are 
not always in the second case of the proposition; in the first case we have our desired 
continuity conclusion. 

Proof of Proposition \20. iT Let (fj)^i be a Fourier basis of L'^{^g) for /. Write F{i>,M) 
for the function of u and M implicit in the second conclusion of Proposition 120.21 - it is 
apparent from the nature of the proposition that this may be taken to be monotonely 
decreasing in M and monotonely increasing in u. 

We construct three sequences of sets (_Bj)j^i, (-BQi^i and iteratively and write 

N 

At this point we remind the reader of Lemma 119.11 to give an idea of how /ij is to be 
controlled. 

We shall arrange the sets such that the following properties hold for r] := -F(i/, M)^/32M^. 

(i) Bi G 5fii and Bi G A^- 

(ii) {Bi, B'j) is an ?7-closed 4-multiplicative pair; 

(iii) {B[, B'l) is an ?7-closed 4-multiplicative pair; 

(iv) ^ + F(z/, Mf/2M- 

(v) ^JiG{Bi),^lG{B[),^lG{B'l) = n,,M,KA^^G{A)). 

To begin the construction apply Proposition 110. ll to get a constant Cq = fix,r;(l) and sets 
-Bq , -Bq, Bq such that {Bq, B'q) and {B'q, B'^) is are Co-thick ?7-closed 4-multiplicative pairs, 

So C and /iG(5o) = nK,n{^^G{A)). 
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The iteration is thus initiahsed in hght of the definition of rj. Now, suppose that we have 
defined Bi, B[ and B'l as per the above. By the lower bounds on the density of B'l and the 
fact that 5-'^ d Bid we have that 

We apply Proposition 120.21 to the set Bi and the function /. If we are in the first case 
of the proposition terminate; otherwise we get 77-closed 4-multiplicative pairs [Bi^i, Bl_^_^) 
and (5^+1, with Bi+i C 5f C such that 

and 

It follows that all the hypotheses are satisfied except the bound on /ij+i. By Lemma [19.11 
we have that 

N 

Now, since (i?-, B") is an //-closed 4-multiplicative pair and -Bj+i C -B.-'^ we get that 
is an //-closed 1-multiplicative pair, whence by Lemma [19.11 again we have that 

N 

i=i 

We thus conclude from the choice of 77 that 

/ii+i ^fii + F{u, Mf/2M. 

Now, it remains to note that ^i ^ M, whence the iteration terminates with some i = 
Oj/,m(1); for it to terminate we must have been in the first case of Proposition 120.21 and we 
are done since Bi G A^. □ 

It turns out that F is polynomial in its variables, whence the lower bound in the above 
proposition is a tower of towers of height 0{i'~'^^^^ M'^^^^). 

21. Discontinuity in A{G) implies correlation with a multiplicative pair 

In this section we shall show that if a function / G A{G) is not continuous in the sense 
of the conclusion of Proposition 120. 1[ then we have correlation with a multiplicative pair. 
Specfically we show the following. 

Proposition 21.1. Suppose that G is a finite group, f G A{G) has ||/|U(g) ^ M, A is 
symmetric and ficiA"^) ^ KficiA) and v-,ri & (0, 1] are parameters. Then either 

(i) there are symmetric neighbourhoods of the identity B' G B G A"^ such that 

^Ig{B') = ^K,u,ri,Mil^G{A)), 

sup 11/ * /i^ * /is - / * /75 * ||loo(^^^,) ^ u 
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and 



sup \\f - f * fiB* fJ'Bh^i: 



< z/. 



(ii) or there are symmetric neighbourhoods of the identity B" G B' G B G such 



that ficiB") = nK,u,r^,M{^iG{A)), B' := {B,B') and B" := {B',B") are r]-closed 



In the abelian setting the basic idea is that if the first conclusion is not satisfied then by 
Parseval's theorem there is a character at which / is large. This is then converted into a 
density increment on a Bohr set by standard arguments. In the non-abelian setting things 
are not so simple. 

We shall take an singular value decomposition of Lj and find that since ||/|U(g) is 
bounded, we have a vector v such that / and v have large cross energy. We then use an 
averaging argument (Lemma 112.41) to pass to a situation of having large energy and apply 
the work of ^TEl to get correlation with a multiplicative pair. Unfortunately the averaging 
argument does not work directly and we are forced to introduce an additional regularity 
argument to ensure that v is well enough behaved that it does. 

We are now ready to proceed with the proof. 

Proof of Proposition \21.1[ Let c be the absolute constant in the correlation lower bound 
in Proposition 118. 1[ We apply Proposition 110.11 to the set A to get sets {Bj)j^Q with 
J = [lOOAf^z/"^] , and positive reals Cj = ^r^,u,M,K{^) such that {Bi,Bj) is a Cj-thick, 
ej-closed, rj-multiplicative pair with 

Tj = 32 and ej ^ (cr/i//2M)^°°°c)_i 

for all j G {0, . . . , J} (with the obvious convection that c_i = 1), and 

Bo G and ^ig{Bq) = ^rj,u,M,Ki^GiA)). 

From Lemma [5.51 and Lemma [6.31 we have that 

11/ - / */^B3lU(G) ^ M, 

and hence, by Lemma [5.31 

II/- / */^*/^B3lU-(MG) ^ 

We shall use these bounds in the sequel without comment. Now, if 



then we are done in the first case of the proposition with B := B^ and B' := B4, since it 
is easy to check by Lemma [12.21 that since £4 ^ u/M and r4 ^ 1 we have 

sup ||/*/I5^*/iB3 - /*/^*/^B3(a;)IU-(M.S4) ^ ^■ 



A-multiplicative pairs and 



\\f * He* IJ'B - f * IJ'B' * /iB'l|L°°(MG) = ^uMiX)- 



sup 11/ - / * /ii?3 * /iB3 ||i2(^^^J 
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Thus we may assume that there is some Xq E G such that 

(21-1) 11/ - / * * /^B3lli2(/..„S4) > 

We put 

h ■= if - f * JlBi * /iS3)lxoB3 * /^Bg, 

and make the following claims about h. 
Claim. 

||/i|U(G) < M and ||/i||loo(^^) < M 

and 

(21.2) * ^iB,M = > 9Z.V16. 

Proof. To see the algebra norm bound note by the calculation in Lemma 16.11 couples with 
the translation invariance of Lemma 15.11 that 

whence by the product property of the y4(G')-norm we have the desired bound. The second 
bound is just the usual domination of the algebra norm by L°°{fiG) from Lemma [5.31 
Now for the lower size estimate we begin by noting that 

sup \lxoBa * fJ'Baixob) - l^oBa * fJ'BA^o)\ ^ Z^/4M 
beBi 

by Lemma [12.21 since ^ z/^/16M^ and r4 ^ 1. On the other hand IxqBs * fJ^B^ixo) = 1, 
and so 

sup \lxoBs * fiBai^ob) - 1| ^ Z//4M. 

Now, by a trivial instance of Holder's inequality we then have 

11/ - / * ^ * /iB3 - ^ M^iu/AM)' = u'/lQ. 

The final bound now follows from the triangle inequality and (121. ip . □ 

Now, let f 1, . . . , f AT be a Fourier basis of L'^{^g) for h and recall that the singular values 
of h are just 

\si{h)\ = \\LhVi\\L2(f,^) for all i e {1, . . .,N}. 
Decompose the vectors into sets according to the size of the corresponding singular value 
as follows: 

C, := {t : u'fXG{B,)/2''M' ^ \s,{h)\ < z/VG(5,-i)/2'°Mn. 
By the explicit formula for the algebra norm we have 

N 

^ \\LhVi\\L2(^^a) = \\Ha{g) < M, 

i=l 

whence by the pigeonhole principle there is a natural j with 5 ^ j ^ 8M^z/^^ + 6 such that 

\J2\\LhV^\\LH^^J^lyy8M. 
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We should like to examine h on the set Bj and the next claim asserts that it is large on 
some translate. 

Claim. There is some xj G -B4 such that 

Proof. By Young's inequality and Lemma 112.11 we have that 

since 

Tj ^ 1 and ej ^ v'^/lQM'^. 

Now, recall from fl21.2p that h"^ * l^Siixo) > 9z/^/16, whence, by the triangle inequality we 
have 

j h'^ * IJ'B,iz)diJ,Biiz'^Xo) = * HBj * fJ'Biixo) > 12. 
Thus by averaging there is some Xj G such that 

* fiB,{xoXj) > 

and the result follows. □ 
Write g := h.djjixQXjBj and 

C:={i: \\LgVi\\L2(^^^) ^ v^/m}. 

We shall estimate the size of C using the Parseval bound in the usual way: by Parseval's 
theorem 

N 

ie/; i=l 

,2 



= {g^9)L^^lG) = h * fiB,ixoXj)/fiGixoXjBj). 
Thus, by the definition of C and the upper bound on ||/?'||l°°(/^g) have 
|£| ^ M'^i2G{xoXjBj)-\{8M/iyy = 2^ M^p-^ ^iciBj)-^ . 
Now, by the Cauchy-Schwarz inequality we have 



N 



(21-3) \^{LhVi,LgVi)L2(^^^^ \ ^ ^\\LhVi\\L2(^^^ySM^\\LgVi\\L2(^p^) ^ 

by the explicit formula for ||/i||a(g) and the fact that its upper bound is M. Furthermore, 
writing 

5:={z: |s,(/i)Kz/Vg(5,)/220M^} 
we have (again by Cauchy-Schwarz) 

I ^ (L;,Wi,LgWi)i2(^g)| ^ |£|.sup||Lg?;i||i2(^^)||L;,t;i||i2(p^). 
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Now by the Hausdorff- Young bound (Lemma 115.11) we have that 

II VilU^iMG) < Ibll ^ II^IU-(mg) ^ 

whence 

(21.4) I {LhV,,LgV,)L^^J ^ Z/V8. 

iecns 

Finally, by the choice of j, we have that 

(21.5) I ^ {LhVi,LgVi)L2(^,a)\ ^ i^'^/8. 

ieCnCj 

Combining f l21.3p . 021. 4p and f l21.5p by the triangle inequality we get that 

I ^ {LhVi,LgVi)L2{i,c;)\ ^^^^f^- 

On the other hand, by Parseval's theorem 

N 

1=1 

whence by the triangle inequality 

I ^ {LhVi,LgVi)L2(^,a)\ > '^^f^- 
ieCnsnCj 

In particular, there is some i such that 

\\9*v,\\l^^^^ ^ i^ySM, and |s,(/i)| ^ z/Vg(5,-i)/220m^ 

Now we should like to apply Lemma [12.41 to the sets {Bi, B2, Bj). First, writing k for the 
function x i-> h{xQXjx) restricted to Bj we find that k G L^{^Bj) and 

ikdnBj) * Vi{x) = g * Vi{xoXjx) for all x E G. 

Thus 

by change of variables and the fact that ||^^i||L2(^G) = 1- Secondly, the function h is 
supported on xqB^ C X0-B2 since rs ^ 1 and 

(hd^^^B^) * (hdfi^^B^) *Vi = ^II^IIl-(/.,,s2)^* 

for some A with 

|A| ^ (^VG(5,-l)/2^°M^)V/XG(S2)l/^||ioc(,^^,^) ^ u''cl,/2''M''. 
Thus since r2,rj ^ 4, £2 ^ 1 and 

^ c|_iZ/'V290m2^ ^ (z/V8M3).c2(z/12c2_^/240m12)V16 
our application of Lemma 112.41 gives us some x' E G such that 

||(fcrf/iB,) * {p.'{v,)\BMhi,,^) > ^1^lli-(MB.)IIP-'(^^)lli^(A«s,)/2'^'' 
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and 

In particular we have 

\\px'iVi)\\mi.s^) 13 3 .12^44 

II / Ml ^ '^7-1/^^-' • 

IIpx'K)IU-(mbi) 

Now we may apply Proposition I18.ll to the sets Bq, Bi, Bj, -Bj+i since r^+i ^ 32, 



e 



and 



1 ^ {cjU^/2^M^f^°^ 



IPx'K)IU2(ms,) 



|Pa-'(^^i)||L-(/.Si)^ 

The proposition gives us a positive real c = and c-thick r^-closed 4-multiplicative 

pairs {B, B') and {B', B") with 5^ C and some x' G Bj^^^ such that 

|/c * /i}? ^ cz/||A;||loo(^^)/2'^M^ 

where c is the implied constant in the lower bound in Proposition 118.11 Now, define 

■={/-/* /T^ */iB3)(xoXjX)lB.(x). 

We make the following claim. 
Claim. 

\\k - A;'||l°°(a»g) ^ cz/||/i;||Loo(^^)/2^M^. 
Proof. We have seen this calculation before. We begin by noting that 

sup \lx0B3 * fiB^ixoXjb) - l^oB-^ * flB3{xo)\ 

is at most 

cH|/c|U^(,,)/2^M3 

by Lemma [12.21 since Xjb G Bf, 

64 ^ cu/2^M^ and ^ 2. 
On the other hand IxoS-j, * I^b-Axq) = 1, and so 

sup * ^Bsixob) - 1| ^ cz/||A;||loc(^^)/2^M^ 

b(^B4 

Now, by a trivial instance of Holder's inequality we are done. □ 
It follows from the claim and the triangle inequality that 

\k'*fl^* PB(x')r > cz/||A;|U^(^^)/2^M2. 
Of course, since x' G B^j+i and B^ C we have that xB"^ C Bj since r^+i ^ 3, whence 

k' *ir^* flB{x) = f *JjiB* flBixoXjX) - f * JTi^^ * fiBi*f^* fJ^BixoXjX). 
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It follows that 

\\f * Jj^ * IJ-B - f * l^Bs * f^Bs * Jj^ * /iBlU-(^G) > CZ/||fc||Loo(^^)/2^M^ 

Finally, C whence {B^,B) is an ej+i-closed 2-multiplicative pair (since r^+i ^ 6) 
, and so by Lemma 112.11 we have that 

11/ * V^i * fl'Bs - f * * fJ'Bs*!^* /^B II L°°(mg) 

is at most 

c^^II^IU-(mg)/2'm2, 

since 

The result follows by the triangle inequality. □ 

While the lower bound on the correlation is r2(z/'^*^^)M~'^^^^), the lower bound on the size 
of the balls is a tower of 2?7~^s of height 0{i'~^^^^ M^^^^). The regularity argument in the 
above proof gives rise to one of the 'tower contributions' in the final bound. 

22. From small algebra norm to correlation with a multiplicative pair 

In this section we show that if / is integer-valued and has small algebra norm then its 
square correlates with a large multiplicative pair. Specifically we shall prove the following 
proposition. 

Proposition 22.1. Suppose that G is a finite group, f : G not identically zero, has 

||/IU(G) ^ M and e G (0, 1] is a parameter. Then there is positive real c = QM,e{^) and a 
c-thick e-closed A- multiplicative pair B = {B, B') such that 

\\f * /ii?IU-(MG) = ^A/(l) and ficiB) = f^Af (||/||i2(^^)). 

The important part about this result is that the lower bound on ||/^*yU_B||Loo(/^G) depends 
only on M. 

Our strategy is fairly straightforward: we note from the algebra norm property (and 
this is the only place in the paper that we use that property in generality) implies that 

also has small algebra norm. Then, essentially by Holder's inequality, we conclude that 
the support has large multiplicative energy, and apply the Balog-Szemeredi theorem and 
our weak Freiman-type theorem from ^ 

We need to recall the non-abelian version of the Balog-Szemeredi-Gowers theorem - the 
proof does not change in the passage to the non-abelian world as is remarked in |TV06j . 
The argument seems to have been first officially recorded by Tao in |Tao08j . 

Theorem 22.2 (Balog-Szemeredi-Gowers theorem, |Tao08t Theorem 5.4]). Suppose that 
G is a finite group, A G G has ||1a-i * -'-A|li2(^p) ^ cfJ'ci^)^- Then there is a subset A' G A 
such that 
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Proof of Proposition \22. 1\ Since ||/||yi(G) ^ "we have ||/^|U(g) ^ since 74(G)-norm 
is an algebra norm. Put g := and let f i, . . . , be a Fourier basis of L'^^fic) for g. It 
follows from Parseval's theorem and the fact h Lh is a homomorphsim that 

N N 
1=1 i=l 

Now, by Holder's inequality 

.i=i / \i=i J \i=i 

On the other hand by the explicit formula for the A(G)-norm and Parseval's theorem we 
have 

N N 

\\g\\A(G) = Yl \\9\\h{^,G) = Yl 

i=l 1=1 

whence 

\\9 * gWhif^a) > MU^a)/^^- 
Put A := supp^f and note that ||5'||L°o(/iG) ^ whence Ia ^ 9 ^ M^.l^. We conclude 
that 

We apply the Balog-Szemeredi-Gowers theorem to get a set A' C A such that 

/iG(A') ^ M-^(^)l|/||i.(^^) and f^aiA") < M^^'^ ficiA'). 

Now apply Proposition lll.ll to get a positive real c = f2M,e(l) and a c-thick e-closed 4- 
multiplicative pair {B, B') such that 

;Ug(5) = QMifJ'ciA)) and ||1a' * fJ^BWi^ipo) = ^m(I)- 
Since A' C A it follows that \\1a * At_B||L°°(^tG) = ^1/(1)7 and we have the result. □ 

The bounds in the above are inherited from Proposition 111.11 is quadruply expo- 
nential in 0(M*^(^)e~'^(^)), while the correlation bounds are exponential in 0{M^'^^^). 

23. The proof of the main theorem 

In this section we bring together the main results of §^ }20tJ22] in our proof of Theorem 
11.21 We shall also make use of some of the more elementary results about the algebra norm 
and multiplicative pairs. 

Before we start the proof proper we shall need two lemmas and some notation. Suppose 
that G is a finite group and / : G — )■ M. We say that / is e-almost integer-valued if 
/(G) C Z + (— e, e) and we write /z for the (unique if e < 1/2) integer-valued function 
which most closely approximates /. 

Although we shall not be working with the whole class of e-almost integer- valued func- 
tions we shall be dipping in and out. Our first lemma lets us take an almost integer- valued 
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function with small algebra norm and bound the algebra norm of its integral approximant 
in certain cases. 

Lemma 23.1. Suppose that G is a finite group and e G [0, 1/6) is a parameter such that 
f G V-{^c) is e-almost integer valued, and H ^ G is a subgroup such that fi * is 
e-almost integer valued and 

||/z|U(G) ^ Mand hg^H) ^ ?7||/z||ii(^^). 

Then f — f * is 3e-almost integer-valued, 

||(/-/*Mz|U(G)=0(r7"iM) 

and there is a natural k = O^rj^^) and integers Zi,...,Zk with absolute values at most 
M + 0(1) such that 

k 

i=l 

Proof. Since / is e-almost integer-valued we have that ||/ — fz\\L°°{fj.c,) ^ ^- follows from 
Young's inequality that 

(23.1) 11/ * yU/f - /z * /iH||L-(/.G) ^ 
However, fz * fJ^H is e-almost integer valued, whence 

11/ * fJ'H- {h * ^^H)AL^{^lG) ^ 2e 
by the triangle inequality. It follows that / * hh is 2e-almost integer- valued and, again by 
the triangle inequality, that f — f*f^H is 3e-almost integer valued as required. Furthermore, 
since 3e < 1/2 we have that {f — f * IJ^h)z is well-defined. 

Now we examine how often we can have |(/ * /i//)z(a^)| > 0. Since / * is 2e-almost 
integer valued and e < 1/4 we have that \{f * IJ^h)'l{.x)\ > if and only if \f * iih{.x)\ > 1/2. 
However, / * fi^ is constant on cosets of H whence |(/ * fJ'H)z{x)\ > if and only if 
1/ * /i//(x')| > 1/2 for all x' G xH. It follows that there are cosets Xi.H, . . . ,Xk-H such 
that 

k 

(23.2) (/ * Hh)z = "^{1* f^H)z{Xi).l^^,Hr 

i=l 

However since / * fin is 2e-almost integer-valued we have that 

(/ * f^H)z{x) ^ (1 - 2e)"V * f^H{x)\l\f^f,^(^)\>i/2. 

Now, from (123. ip we have 

l/z * f^H{x)\ ^ 1/ * fiH{x)\ - e ^ 1/ * ^H(a;)|l|/*^^(^)|>i/2(l - 2e). 
It follows that 

(/ * f^H)z{x) ^ (1 - 2e)-2|/z * < 4|/z * /i^^(x)|. 

Using this upper bound in (123. 2p and the fact that the cosets are disjoint we get that 

kfiG{H)/2 ^ IK/ * ^h)zIIli(mg) ^ M\h * ^//||li(mg) ^ II/zIUhmg)- 
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The bound on k now follows from the lower bound on the size of H. To bound the integers 
(/ * fJ'H)z{xi) we just note that 

||(/*/i//)z|U-(MG) ^ II/*/^h|U-(a.g) + 1 

by Young's inequality again and Lemma I5.3[ Finally by Corollary 16.21 and the triangle 
inequahty we have 

k 

IK/ * f^H)z\\AiG) ^ 5^ |(/ * fiHUx,)\ < 8r]~\M + 2), 
1=1 

and the result follows by the triangle inequality given that {f — f * fiH)z = fz — {f * fi'H)z 
and ||/z|U(G) ^M. □ 

The next lemma lets us take a quantitative notion of continuity such as that developed 
in §20] and show that if at the same time the function is almost integer valued then in fact 
it is approximately constant on the subgroup generated by the ball of continuity. 

Lemma 23.2. Suppose that G is a finite group, f : G ^ 'L, g E L°°{fiG) o,nd B G G is a 
symmetric non-empty set such that for some parameter e G [0, 1/10) we have 

sup 11^ - ^(x)IIl^(^^^) ^ e and sup ||/ - ^||l2(^^^) ^ e. 

x€G xeG 

Then, writing H := (B) for the group generated by B we have that f * fiH is be-almost 
integer-valued and 

Proof. It follows from the triangle inequality and nesting of norms that 

sup||/-^(x)||l2(^^^) ^ 2e. 
xeG 

Let z be the smallest integer with z ^ g{x) and put S := {y E xB : f{y) ^ z}. Since / is 
integer- valued it follows that 

\z - 5'(a;)|-VAilB(50 + 1-2 - 1 - g{x)\.y^l - ixxB^S) ^ 2e. 

It follows that 

min{|z - g{x)\, \z - I - g{x)\} .{^J ^^b{S) + a/1 - fixsiS)) ^ 2e. 

However, 

V l^xBiS) + a/1 - /i^B(5') ^ 1, 

whence g{x) is within 2e of an integer. 

On the other hand \g{y) — g{x)\ < e whenever y G xB whence 

\9z{x) - gz{y)\ < \9z{x) - g{x)\ + \g{x) - g{y)\ + \g{y) - gz{y)\ ^ 5e. 

It follows that gz{x) = gziy) since e < 1/10, and hence gi is constant on cosets of H. 
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by the Cauchy-Schwarz inequality. Now, integrating over cosets of H we get that 



However, hb * (J^h = IJ-h whence 

\f * Hh{,x) - g* finix)] ^ e. 

Now g is e-almost integer-valued and gz is constant on cosets of H, whence 

l^f * /j^nix) - g{x) \ ^ \g* finix) - gzix) \ + e 

= \g* Unix) - gz* IJ'Hix)\+ e ^ 2e. 

The lemma follows from the triangle inequality. □ 

We are now in a position to prove the main theorem. 

Proof of Theorem M.^ We define a sequence of functions and subgroups {Hi)i^\ 

with the following properties. 

(i) fi is 3*e-almost integer-valued; 

(ii) M, := ||(/i)z|U(G) has = OM,i(l); 

(iii) ll/i *//hJU-(mg) > 1/2; 

(iv) fi+i = fi - fi * f^H,; 

(v) there are integers k, zi, . . . , = OM,i{^) and elements Xi, . . . ,Xk & G such that 



We put fo'-=f which trivially satisfies the first two conditions above since / is integer 
valued. Suppose that we are at stage i of the iteration, having defined fi satisfying condi- 
tions (ji]) and (In]). Write F for the function hiding behind the Qm{^) in Proposition 122. ll 
ei = 3*e and 



If = then terminate the iteration. Apply Proposition 122 . II to (/j)z to get a i^j-closed 
4-multplicative pair {Bi,B[) such that 





k 




V, :=min{e„F(Mi)Vl2,l/20}. 



(23.3) 



and 



/iG(i?.),/iG(5D=a.,M(||(/.)z||i2(^^)). 



Since B\ 



C Bi we get (from the bounds on \iq{B^ and fidBD) that 

/iG(5f ) = 0,,,M{^G{B^)). 
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We may thus apply Proposition 120 . 1 1 to Bi and {fi)z with parameter z/j to get balls B'/' C 
fif C Bf with ficiB'/') = Q,,Mf^G{B^)), 

sup \\{fi)z f^B- - ifih f^B'/{x)\\L^(^,^g,„) ^ l^i 

and 

(23.4) sup \\{fi)z - {fi)z ^^B-\\L^{^,^g,„) ^ i^i- 

x&G ' 

Writing Hi := we have, by Lemma [23.21 that (/i)z * l^Ui is 5z/j-almost integer-valued 
and 

(23.5) ||(/i)z*ml|L-(MG) > ll(/i)z*RB^*/^B^'IU-(MG) -Sz^i- 
On the other hand, by (123. 4p we have that 

||(/i)z*RB^*/iBf||L-(/.G) > sup ||(/i)z||j:2(^B///) - Z/j 

= ll(/i)l*/^i?rllL-(/.G) 

Now, since B'l' C -B^'^ and i?i) is a z/j-closed 4- multiplicative pair we see that 
by Lemma 112.11 It follows by the triangle inequality and Young's inequality that 

||(/i)| * /^Bf IU°°(Mg) ^ ll(/i)z * AtfiJU°°(MG) - ^i' 

and hence 

ll(/i)z*/^*/iB:'IU-(A<G) ^ ll(/i)l*/^BjlL-(;,G) "2^^^- 

Combining this with (123.51) tells us that 

||(/i)z*/i//J|L-(/.G) > l^BAYl(^^)-QVi>{) 

by choice of Vi and the lower bound from (123. 3p . Since (/j)z * IJ^Ui is 5z/i-almost integer- 
valued and /j is e^-almost integer valued this bootstraps to 

Wfi * /i/fJU°°(MG) > 1/2 

provided ej < 1/4, and so ([iv]) is satisfied by /j. Now, by Lemma [23.11 applied to fi which 
is ej-almost integer-valued and has ||(/i)z|U(G) ^ and the subgroup Hi which is such 
that {fi)z * fJ'Hi is ej-almost integer-valued by choice of Ui and 

Property (jvj) now follows immediately from this lemma, as do properties @ and for 
/j+i. This closes the induction. 

Now, by properties (jm]) and ([iv]) of the sequence constructed above and Lemma 16.41 we 
get that 

||/ml|A(G) ^ ||/.|U(G)-l/2. 
Since ||/o||a(g) ^ M it follows that the iteration cannot proceed for more than 0{M) 
steps which lets us choose e ^ exp(— 0(M)) so that 3*e < l/lOi. It remains to unravel 
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the situation when the construction terminates. Suppose it does so at some stage io in 
whichcase we have {fi^)z = 0. Since is always 1/4-almost integer- valued we have that 

(/j+i)z = {fi)z — {fi * f^Hi)z, 
by the definition of the fiS. It follows by induction that 

io-l 



i=0 

On the other hand each of the summands has a structure described by and so combining 



The bound on L of a tower of tower of towers in 0{M) can be easily read out of this 
argument: essentially we iterate 0{M) times and each time we do it we replace Mj by a 
tower of towers in Mj, whence the bound. 



The bounds in Theorem 11.21 appear rather weak and, indeed, we have no better example 
of an integer-valued function with small algebra norm than we have in the abelian setting, 
namely an arithmetic progression. Specifically if G = Z/pZ for some large prime p and A 
is an arithmetic progression then it is easy enough to see that ||lyi||yi(G) = ^(log|A|). Of 
course if \A\ is sufficiently small then any ib-decomposition of 1a into indicator functions 
of cosets must involve \A\ terms. It follows that L(||1^||^(g')) = and hence we must 

have L{M) = exp{Q{M)) in Theorem O 
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